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Abstract
We construct a higher-dimensional Contou-Carre`re symbol and we study its
various fundamental properties. The higher-dimensional Contou-Carre`re symbol
is defined by means of the boundary map for K-groups. We prove its univer-
sal property. We provide an explicit formula for the higher-dimensional Contou-
Carre`re symbol over Q and we prove integrality of this formula. A relation with
the higher-dimensional Witt pairing is also studied.
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1 Introduction
We start by recalling the one-dimensional situation, that is, the case of Laurent series in
one variable. For any commutative associative unital ring A, Contou-Carre`re [12], [13]
introduced a remarkable bilinear antisymmetric pairing between the groups of invertible
elements in the ring A((t)) of Laurent series over A
A((t))∗ × A((t))∗ −→ A∗ , (1)
which is functorial with respect to A. Pairing (1) is called now a Contou-Carre`re symbol.
We will also call it a one-dimensional Contou-Carre`re symbol and we will denote it
by CC1. Using an observation of Deligne, one can define CC1 with the help of the
following analogy with the analytic setting.
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Let X be a Riemann surface, p be a point on X , and f, g be two meromorphic
functions on X . By (f, g)p ∈ C∗ denote the tame symbol of f and g at p, which is given
by an algebraic formula
(f, g)p = (−1)νp(f)νp(g)
[
f νp(g)
gνp(f)
]
(p) ,
where νp denotes the valuation at p. Beilinson [4] and Deligne [14] have independently
discovered an analytic expression for (f, g)p (see also a detailed exposition in [15, § 1]).
Namely, let U be a complement to finitely many points in X such that f and g are holo-
morphic and invertible on U . Then, by definition, the functions f and g are elements of
the first Deligne cohomology groupH1D
(
U,Z(1)
) ≃ H0(U,O∗U) and their cup-product f∪g
is an element of the second Deligne cohomology group H2D
(
U,Z(2)
) ≃ H1(U,O∗U → Ω1U).
The last group admits a geometric description as the group of equivalence classes of holo-
morphic line bundles with holomorphic connection. The point is that the (inverse of the)
tame symbol (f, g)p is equal to the monodromy of f∪g at p, that is, the monodromy along
a small circle σp in counterclockwise direction around p. In particular, when νp(f) = 0,
then the above interpretation gives immediately the following obvious formula:
(f, g)p = exp
(
1
2πi
∮
σp
log(f)
dg
g
)
= exp resp
(
log(f)
dg
g
)
, (2)
where log(f) is a branch of the logarithm of f on a small neighborhood of p (see more
general formulas when νp(f) is an arbitrary integer in [4] and [14, (2.7.2)]).
Now we come back to the Contou-Carre`re symbol. If A is a field, then the Contou-
Carre`re symbol coincides with the tame symbol. For example, one has the equality
CC1(t, t) = −1. Let us describe CC1 for arbitrary Laurent series. For simplicity, suppose
in what follows that A is not a product of two rings. Then a Laurent series f =
∑
l>m
alt
l,
al ∈ A, is invertible in A((t)) if and only if there is an integer l0 > m such that al0 ∈ A∗
and for any l < l0, the coefficient al is nilpotent. Denote the integer l0 by ν(f). For all
a ∈ A∗ and g ∈ A((t))∗, there is an equality CC1(a, g) = aν(g). By bilinearity and the
antisymmetric property, it remains to define CC1(f, g) when ν(f) = 0 and the constant
term a0 of f equals 1, which is the most essential case for the Contou-Carre`re symbol.
Using an analogy with analytic formula (2), Deligne [14, § 2.9] suggested the following
explicit formula for the Contou-Carre`re symbol CC1 over a Q-algebra A:
CC1(f, g) = exp res
(
log(f)
dg
g
)
, (3)
where f, g ∈ A((t))∗, ν(f) = 0, and a0 = 1. Here “log” and ”exp” are defined by
the standard formal series. For the convergence of log one uses an A-linear topology
on A((t)) with the base of open neighborhoods of zero given by A-submodules tmA[[t]],
m ∈ Z (the ring A is discrete). One shows that the expression under exp is a nilpotent
element in A, whence the right hand side of formula (3) is a well-defined element in A∗.
This defines the Contou-Carre`re symbol over Q-algebras.
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It turns out that formula (3) can be extended by elementary methods to a pairing over
all rings, not only over Q-algebras (see, e.g., [37, § 2]). Shortly, the reason is as follows.
Any element in A((t))∗ decomposes uniquely into a product of a power of t, an element
in A∗, and an infinite product of elements of type 1 − uiti, where i 6= 0, ui ∈ A, and ui
is nilpotent for i < 0 and equals zero for sufficiently negative i. When A is a Q-algebra,
one easily deduces from formula (3) that if i > 0 and j < 0, then there is an equality
CC1(1 − uiti, 1 − vjtj) = (1 − u−j/(i,j)i vi/(i,j)j )(i,j), where (i, j) > 0 denotes the greatest
common divisor of i and j. This expression does not have non-trivial denominators and
makes sense over any ring. In addition, CC1(1−uiti, 1−vjtj) = 1 when i and j have the
same sign. Thus by bilinearity and the antisymmetric property, we obtain the Contou-
Carre`re symbol over all rings. The corresponding explicit formula was given in [1, Intr.]
in the case of Artinian rings. Note that the above discussion also implies that formally
opening brackets in the right hand side of formula (3), one actually obtains a power
series with integral coefficients whose variables are coefficients of f and g.
Moreover, the extension of CC1 from Q-algebras to all rings is unique. This is a
consequence of an easy argument with flatness. Namely, the reason is that the functor
LGm(A) := A((t))
∗ on the category of all rings is represented by an ind-affine scheme,
which is ind-flat. This means that LGm is a (formal) direct limit of flat affine schemes
over Z (see more details in [37, § 2]).
Now we pass to double iterated Laurent series, which are elements of the
ring A((t1))((t2)). It is well-known to experts that, usually, complexity grows dras-
tically with such generalization, because many basic one-dimensional facts fail in the
two-dimensional case. Nevertheless, using an analog of formula (3), the second named
author and Zhu [37, Def. 3.4] defined a multilinear antisymmetric functorial map
CC2 : A((t1))((t2))
∗ × A((t1))((t2))∗ × A((t1))((t2))∗ −→ A∗ , (4)
where A is a Q-algebra. The key ingredient is the formula
CC2(f, g, h) = exp res
(
log(f)
dg
g
∧ dh
h
)
, (5)
where f, g, h ∈ A((t1))((t2))∗ and there are some conditions on f so that the series log(f)
converges in the topology of A((t1))((t2)). Note that this topology is quite different from
the topology on A((t))). The map res is the two-dimensional residue and is equal to the
coefficient by t−11 t
−1
2 dt1 ∧ dt2.
How to extend formula (5) to a map over all rings, not just Q-algebras? Similarly
as in the one-dimensional case, one shows that the value of CC2 on elements of type
1 − ui,jti1tj2 defined by formula (5) does not have non-trivial denominators and thus
makes sense over all rings. However, as it is explained in [37, § 3.4], this method works,
for example, for Noetherian rings, but it is unclear how this method could work for all
rings. The problem is with the decomposition of an arbitrary element from A((t1))((t2))
∗
into an infinite product of elements of type 1 − ui,jti1tj2. Thus less elementary methods
were applied in [37] in order to extend the map CC2 to all rings. More exactly, there were
4
used two alternative approaches: one based on categorical central extensions and higher
commutators, and the other one based on the boundary map for algebraic K-groups
∂m+1 : Km+1
(
A((t))
) −→ Km(A) , m > 0 ,
where A is any commutative ring. Note that it is important here that the ring A can
be non-regular, in particular, can have nilpotent elements. The construction of the
maps ∂m+1 is based on “the Localization Theorem for projective modules” proved by
Gersten [18] and in a more general case by Grayson [21]. Kato [24, § 2.1] applied this
theorem to a particular ring A((t)) to obtain the maps ∂m+1. In [37, § 7] the construction
of the maps ∂m+1 was extended to arbitrary (including non-Noetherian) commutative
rings. The maps ∂m+1 are functorial with respect to a ring A (see Proposition 7.14 of
the present paper).
Now the map CC2 for an arbitrary ring A is defined as the composition of the product
between algebraic K-groups, the map ∂m+1, and the natural map det : K1(A)→ A∗:
A((t1))((t2))
∗ ×A((t1))((t2))∗ × A((t1))((t2))∗ −→
−→ K3
(
A((t1))((t2))
) ∂3−→ K2(A((t1))) ∂2−→ K1(A) det−→ A∗ . (6)
It was proved in [37, Theor. 7.2] that the map defined by an explicit formula (5) coincides
with the one defined by the formula (6) over Q-algebras. For this it was used functoriality
of the map given by formula (6) together with a careful analysis of geometric properties
of the ind-affine scheme that represents the functor L2Gm(A) := A((t1))((t2))
∗.
Finally, it was proved in [37, Lem. 3.10] that the extension of CC2 from Q-algebras to
all rings is unique. For this it was used that the ind-scheme L2Gm is from the class EF
(essentially flat) [37, Def. 3.1, Lem. 3.5], which is a weaker property than being ind-flat.
Note that contrary to the ind-affine scheme LGm, the ind-affine scheme L
2Gm is not
known to be ind-flat (in particular, schemes in the standard representation of L2Gm are
not flat, see a discussion after [37, Lem. 3.4]).
We came to the higher-dimensional case, that is, to iterated Laurent series in n
variables for arbitrary n > 1. Define the functor LnGm(A) := A((t1)) . . . ((tn))
∗ and, as
usual, put Gm(A) := A
∗. From the above point of view it is now natural to define the
n-dimensional Contou-Carre`re symbol CCn as a multilinear antisymmetric morphism of
functors (LnGm)
×(n+1) → Gm given by the formula
CCn : L
nGm(A)
×(n+1) −−−→ Kn+1
(
A((t1)) . . . ((tn))
) ∂2·...·∂n+1−−−−−−→ K1(A) det−−−→ A∗ ,
(7)
where the first arrow is the product between algebraic K-groups. It is also natural to
expect that when A is a Q-algebra then CCn is given by the following explicit formula,
which generalizes formulas (3) and (5):
CCn(f1, f2, . . . , fn+1) = exp res
(
log(f1)
df2
f2
∧ . . . ∧ dfn+1
fn+1
)
, (8)
where f1, . . . , fn+1 ∈ LnGm(A), f1 satisfies additional conditions so that log(f1) is well-
defined, and the map res is the n-dimensional residue. Note that an analytic analog of
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expression (8) was studied by Brylinski and McLaughlin in [7], where it was related with
the product in Deligne cohomology of an n-dimensional complex manifold. Obtaining
an equality between formulas (7) and (8) for Q-algebras was one of the main motivations
for the present paper.
Let us explain main results of the paper. For this goal, first note that since the product
between algebraic K-groups satisfies the Steinberg relations, the map CCn defined by
formula (7) factors through the Milnor K-group KMn+1
(
A((t1)) . . . ((tn))
)
. Here, given a
commutative ring B, its Milnor K-group KMm (B), m > 0, is defined as the quotient of
the group (B∗)⊗m by the subgroup generated by Steinberg relations, that is, by elements
b1 ⊗ . . .⊗ bm such that bi + bi+1 = 1 for some i, 1 6 i 6 m − 1. Define the functor
LnKMn+1(A) := K
M
n+1
(
A((t1)) . . . ((tn))
)
.
Our key result is the isomorphism of groups
Homgr
(
LnKMn+1,Gm
) ≃ Z ,
where Homgr denotes the group of all morphisms between the corresponding functors
that respect the group structures, see Theorem 8.7. Besides, the morphism CCn is the
generator of this infinite cyclic group, see Theorem 8.10.
Explicitly, this means the following. Let Φ: (LnGm)
×(n+1) → Gm be any multilinear
morphism of functors that satisfies the Steinberg relations. Then Φ = (CCn)
i for an
integer i ∈ Z. As far as we know, this universal property of the n-dimensional Contou-
Carre`re symbol is new also in the classical one-dimensional case.
Note that we prove Theorems 8.7 and 8.10 in a more general setting, namely, for
restriction of the functors involved to the category of R-algebras, where R is an arbitrary
ring such that the natural homomorphism R→ R ⊗Z Q is injective.
Moreover, in the course of the proof of Theorem 8.7 we obtain an explicit formula for
the map CCn over Q-algebras thus proving the equality between formulas (7) and (8), see
Theorem 8.17. This gives a new sense to formula (8) as the result of direct calculations
of certain canonical maps. (Note that we announced the equality between formulas (7)
and (8) in the short note [19], which did not contain proofs.)
Also, we show that for any natural number N , the extension of any morphism of
functors (LnGm)
×N
Q → (Gm)Q from Q-algebras to all rings is unique, see Theorem 6.12.
We prove that formally opening brackets in the right hand side of formula (8),
one obtains a power series with integral coefficients whose variables are coefficients of
f1, . . . , fn+1, see Theorem 8.34. This gives an explicit expression over any ring for the
map defined by formula (7). Note that this integrality result generalizes the case n = 1
and is new already in the case n = 2.
As an illustration of our results, we show how the Contou-Carre`re symbol CCn and
its explicit formula (8) lead to a new definition of the n-dimensional generalization of the
Witt pairing, see Proposition 9.3. Note that the n-dimensional Witt pairing is crucial
for the Parshin explicit construction of the higher local class field theory, see [40].
Our method is based on the study of geometric properties of ind-affine schemes that
represent the functor LnGm and its certain special subgroups. Toward this end we
develop a theory of so-called thick ind-cones. A thick ind-cone X over a ring R is
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an ind-closed subscheme in a (possibly, infinite-dimensional) affine space over R with
some additional properties, see Definitions 5.7, 5.10. Roughly speaking, X is invariant
under homothethies and contains sufficiently many points with nilpotent coordinates.
The main feature of a thick ind-cone X is that regular functions on X are uniquely
expanded as power series in coordinates of the ambient affine space. Thick ind-cones
possess many additional nice properties, in particular, the class of thick ind-cones in
closed under products and extensions of scalars, which perfectly fits our needs. One can
say that the class of thick ind-cones is a suitable replacement of the class of ind-flat
ind-affine schemes. We expect a vast range of further applications of this technique to
various questions on iterated Laurent series over rings. The notion of a thick ind-cone
arose as a modification of the notion of an ind-scheme from the class EF used in [37] for
two-dimensional iterated Laurent series.
The paper is organized as follows. Section 2 contains notation and terminology,
mainly concerning functors, which is used throughout the paper. In Section 3, we collect
and prove some general facts about the ring of iterated Laurent series A((t1)) . . . ((tn)),
the topology on it, and its differential forms.
In Section 4, we define iterated loop groups, see Definition 4.1, and introduce our
main object of study, the iterated loop group LnGm. We construct a decomposition
of LnGm that generalizes a result of Contou-Carre`re in the case n = 1, see Proposi-
tion 4.3. We also introduce special group subfunctors (LnGm)
0 and (LnGm)
♯ of LnGm,
see Definition 4.6. Namely, (LnGm)
0 is the group of iterated Laurent series with trivial
valuation, and (LnGm)
♯ is a subgroup of (LnGm)
0 such that the logarithm is well-defined
on it over Q, see Proposition 4.9.
We develop the theory of thick ind-cones in Section 5. First we give a short account
of ind-affine schemes in Subsection 5.1. Then we introduce a ring of power series in
infinitely many variables, see Definition 5.1, define algebraic convergence of power se-
ries, see Definition 5.2, and consider certain ind-closed subschemes in ind-affine spaces
that consist of points with nilpotent coordinates, see Definition 5.5. These ind-closed
subschemes are used to define thick ind-cones, see Definitions 5.7, 5.10. The main prop-
erties of thick ind-cones are contained in Propositions 5.11, 5.17 and Lemmas 5.13, 5.14.
Finally, we discuss connectedness of ind-schemes over a base ring in Subsection 5.5 and
density of an ind-closed subscheme of an ind-affine scheme in Subsection 5.6.
In Section 6, we apply the theory of thick ind-cones to iterated loop groups. We
start by introducing a non-commutative product of (strict) ind-sets, see Definition 6.1,
which is very useful to work with representability of iterated loop functors, see Propo-
sition 6.6. Then we prove that the ind-affine schemes that represent the functor LnGm
and its special subgroups are products of thick-ind cones and ind-flat ind-affine schemes,
see Proposition 6.8. This leads to many nice properties of these ind-affine schemes, see
Theorems 6.10 and 6.12. We also show that (LnGm)
0 is connected and that (LnGm)
♯ is
dense in (LnGm)
0, see Proposition 6.13. We study characters of LnGm over Q and prove
that they commute with their differentials through the exponential map, see Proposi-
tions 6.21 and 6.23. Finally, we show that any functorial linear map ΩnA((t1))...((tn)) → A
factors through the group of “continuous” differential forms A((t1)) . . . ((tn))dt1∧. . .∧dtn,
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see Proposition 6.25.
Section 7 collects auxiliary facts on Milnor K-groups and algebraic K-groups.
Namely, we recall the main result from [20] that claims an isomorphism between the
tangent space to the Milnor K-group TKMm+1(A) and the group of absolute Ka¨hler dif-
ferential forms ΩmA when A is a ring that contains
1
2
and has sufficiently many invertible
elements, see Theorem 7.6 (this is a generalization of a well-known result of Bloch [6]).
In Subsection 7.3, we recall the construction of a boundary map for algebraic K-groups
∂ : Km+1
(
A((t))
)→ Km(A) and show its functoriality, see Proposition 7.14.
Section 8 contains the main results of the paper described above and their proofs,
see Theorems 8.7, 8.10, 8.17, and 8.34. Before stating the main results, we study in
Subsection 8.1 a simpler case of an additive symbol, see Definition 8.1, which allows to
see the main patterns related to the Contou-Carre`re symbol. The proof of the key result,
Theorem 8.7, is contained in Subsection 8.3. Briefly, first we pass from a base ring R
to the ring S := R ⊗Z Q using the theory of thick ind-cones. Since S is a Q-algebra,
we reduce a character of (LnKMn+1)S to its differential. Finally, we apply the description
of the tangent space to Milnor K-groups in order to obtain both the key result and the
explicit formula (8). In order to show the result on integrality of the explicit formula (8),
we introduce a completed version of the Contou-Carre`re symbol, see Definition 8.26,
which is an interesting object of further study in its own right.
Finally, after a short account of the explicit higher local class field theory in Subsec-
tion 9.1, we relate the Contou-Carre`re symbol CCn with the n-dimensional Witt pairing
in Subsection 9.2.
The authors are grateful to S.Galkin for pointing out that a particular case of the
result on integrality of the explicit formula (8) has been obtained by Kontsevich in [28].
2 Notation and terminology
By a ring we mean a commutative associative unital ring and the same for algebras over
a ring. Throughout the paper, A and R denote arbitrary rings unless something more is
specified on the rings A and R.
Let us fix some terminology concerning functors. We work with covariant functors
from the category of commutative associative unital rings to the category of sets and to
the category of Abelian groups. We call them, for short, just functors and group functors,
respectively. We usually denote test rings on which we evaluate functors by A,B, . . .
By a subfunctor F ⊂ G, we mean a morphism of functors F → G such that for any
ring A, the corresponding map F (A)→ G(A) is injective. By a group subfunctor F ⊂ G,
we mean a subfunctor such that the corresponding morphism F → G is, in addition, a
morphism of group functors.
Given a ring R, by a functor over R (respectively, a group functor over R), we mean
a covariant functor from the category of commutative associative unital R-algebras to
the category of sets (respectively, to the category of Abelian groups). Given a functor F ,
by FR denote the corresponding functor over R which is the restriction of F to the
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category of R-algebras. We usually denote base rings over which we consider functors
by R, S, . . .
All functors that we consider in this paper satisfy the following property: morphisms
from a functor F over a ring R to a functor G over R form a set HomR(F,G). For
example, this holds if F and G are representable by (ind-)affine schemes over R. If
F and G are group functors, then by HomgrR (F,G) we denote the set of all morphisms
of group functors from F to G. By HomgrR (F,G) we denote the internal Hom, that
is, HomgrR (F,G) is a group functor over R that sends and R-algebra A to the group
HomgrA (FA, GA).
Let us also introduce notation for various products. Let n be a natural number. If X
is an object in a category with finite products (e.g., X is a set, a scheme, or a functor),
then by X×n we denote the n-th Cartesian power of X (which is a set, a scheme, or
a functor, respectively). We emphasize that even if X is additionally a group object
(e.g., X is a group, a group scheme, or a group functor), then X×n still denotes just an
object in the initial category, without a group structure (which is a set, a scheme, or a
functor, respectively).
In contrast, if M is an object in an additive category (e.g., M is an Abelian group,
a module over a ring, or a sheaf of Abelian groups), then M⊕n denotes the n-fold direct
sum of M with itself (which is an Abelian group, a module over the ring, or a sheaf
of Abelian groups, respectively). We sometimes abbreviate M⊕n to Mn, in particular,
when M = Z.
For Abelian groups M and N , by a multilinear map ϕ : M×n → N we mean a map
of sets (according to our notation, M×n is just a set) such that
ϕ(m1, . . . , mi, . . . , mn) + ϕ(m1, . . . , m
′
i, . . . , mn) = ϕ(m1, . . . , mi +m
′
i, . . . , mn)
for all m1, . . . , mi, m
′
i . . . , mn ∈ M , 1 6 i 6 n. Note that we still use the term “mul-
tilinear” even if the group law in M or N is denoted multiplicatively, in particular, for
the group of invertible elements of a ring with the group law given by the product of
elements.
3 Ring of iterated Laurent series
3.1 Definition
Given a ring A, we have the ring A[[t]] of power series and the ring A((t)) = A[[t]][t−1]
of Laurent series over A in a formal variable t. Explicitly, A[[t]] is the ring of all series of
the form
∑
06l∈Z
alt
l, where al ∈ A, and A((t)) is the ring of all series of the form
∑
m6l∈Z
alt
l,
where m can be any integer and al ∈ A. For short, we put
L(A) := A((t)) .
Repeating this construction, we obtain the ring of iterated Laurent series over A in formal
variables t1, . . . , tn:
Ln(A) := A((t1)) . . . ((tn)) .
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Let us give an explicit description of iterated Laurent series. For this, introduce a set
Λn :=
{
(λ1, . . . , λn) | λp : Zn−p −→ Z for 1 6 p 6 n− 1, λn ∈ Z
}
.
We stress that λp is an arbitrary function for each p, where 1 6 p 6 n − 1. Given
λ = (λ1, . . . , λn) ∈ Λn, define a set
Znλ :=
{
(l1, . . . , ln) ∈ Zn | ln > λn, ln−1 > λn−1(ln), . . . , l1 > λ1(l2, . . . , ln)
}
.
For a multi-index l = (l1, . . . , ln) ∈ Zn, put tl := tl11 . . . tlnn . Then Ln(A) is the ring of all
series of the form
∑
l∈Zn
λ
alt
l, where λ ∈ Λn and al ∈ A.
By Nil(R) denote the nilradical of a ring R, that is, the set of all nilpotent elements
of R. We will use the following fact about nilpotent iterated Laurent series.
Remark 3.1. Suppose that
f =
∑
l∈Zn
alt
l =
∑
i∈Z
git
i
n
is a nilpotent element in Ln(A), where gi ∈ Ln−1(A) = A((t1)) . . . ((tn−1)). One shows
by induction on i that gi ∈ Nil
(Ln−1(A)) for all i ∈ Z. Further, by induction on n, we
obtain that al ∈ Nil(A) for all l ∈ Zn.
If A is Noetherian, then the converse is true as well, because Nil(A)N = 0 for
some N ∈ N. However, in general, the converse is false. For example, take
A = Z[ε1, ε2, . . .]/(ε
2
1, ε
3
2, . . .)
and consider the power series f =
∑
l>1
εlt
l in A[[t]]. Then all coefficients of f are nilpotent,
but f is not nilpotent (one can show this by taking reductions modulo primes).
3.2 Topology
Let us introduce a topology on the ring of iterated Laurent series Ln(A) over a ring A.
This topology is given by iterated direct and inverse limits and is defined induc-
tively as follows. A base of open neighborhoods of zero in L(A) = A((t)) consists
of A-submodules Um := t
mA[[t]], m ∈ Z. A base of open neighborhoods of zero in
Ln(A) = A((t1)) . . . ((tn)) consists of A-submodules
Um,{Vj} :=
( ⊕
j<m
tjn · Vj
)
⊕ tmn · Ln−1(A)[[tn]] , (9)
where m ∈ Z and for every integer j with j < m, we have that the A-module Vj is
from the base of open neighborhoods of zero in Ln−1(A) = A((t1)) . . . ((tn−1)). Now a
topology on Ln(A) is defined uniquely by the condition that the additive group of Ln(A)
is a topological group.
Remark 3.2. When A = Fq is a finite field, the above topology on the higher lo-
cal field Ln(A) = Fq((t1)) . . . ((tn)) was introduced by Parshin [40] for constructions in
n-dimensional local class field theory.
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Recall that a Cauchy sequence in a topological (Abelian) group is a sequence of
elements {fi}, i ∈ N, such that for any open neighborhood of zero U , there is N ∈ N
that satisfies fi − fj ∈ U for all i, j > N . Clearly, this property does not depend on the
order of elements in the sequence and thus is well-defined for an arbitrary (non-ordered)
countable set of elements.
Lemma 3.3.
(o) The topological space Ln(A) is Haussdorf.
(i) For any Cauchy sequence {fi}, i ∈ N, in Ln(A), there is m ∈ Z such that
fi ∈ tmn · Ln−1(A)[[tn]] = tmn ·A((t1)) . . . ((tn−1))[[tn]]
for all i ∈ N.
(ii) Every Cauchy sequence has a limit in Ln(A).
(iii) The natural isomorphism of rings
Ln−1(A)[[tn]] ≃ lim←−
m∈N
Ln−1(A[[tn]]/(tmn ))
is also an isomorphism of topological groups, where the topology on the left hand
side is restricted from Ln(A) and the topology on the right hand side is the inverse
limit of topologies on Ln−1(Bm), where the ring Bm is A[[tn]]/(tmn ).
Proof. (o) This is just obvious.
The proofs of items (i) and (ii) are similar to that of [40, § 1, Prop. 2.1] and [40, § 1,
Prop. 2.2], respectively. We give them for convenience of the reader.
(i) Suppose the converse. Then we obtain a strictly decreasing sequence of negative
integers {jk}, k ∈ N, such that for each k ∈ N, there is ik ∈ N that satisfies
fik ∈ tjkn · Ln−1(A)[[tn]] , fik /∈ tjk+1n · Ln−1(A)[[tn]] .
Since Ln−1(A) is Haussdorf, there is an open neighborhood of zero Wk ⊂ Ln−1(A) such
that
fik /∈ tjkn ·Wk ⊕ tjk+1n · Ln−1(A)[[tn]] .
Now for each j < 0, let Vj := Wk if j = jk for some k ∈ N and let Vj be any open
neighborhood of zero in Ln−1(A) otherwise. Then the subsequence {fik} (and hence the
sequence {fi}) does not satisfy the Cauchy condition with respect to the open neighbor-
hood of zero U0,{Vj} in Ln(A), which gives a contradiction.
(ii) The proof is based on item (i) and a trivial induction on n.
(iii) Note that for any A-module M , we can consider an Ln(A)-module
Ln(M) := M((t1)) . . . ((tn)) with an analogous topology as on Ln(A) given by a formula
similar to (9). (We note that M has the discrete topology.) One shows by induction on
n that for all A-modules M and M ′, the natural isomorphism of Ln(A)-modules
Ln(M)⊕ Ln(M ′) ≃ Ln(M ⊕M ′)
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is also an isomorphism of topological groups. In particular, for any m ∈ N, we have an
isomorphism of topological groups
Ln−1(A)⊕m ≃ Ln−1(A⊕m) .
Note that for any A-algebra B, we readily have by induction on n that the base of open
neighborhoods of zero in Ln−1(B) given by B-modules by equation (9) coincides with
the base of open neighborhoods of zero in Ln−1(M) given by A-modules. Therefore
applying an isomorphism of A-modules A⊕m ≃ A[[tn]]/(tmn ) and using the isomorphism
of topological groups
Ln−1(A)[[tn]] ≃ lim←−
m∈N
Ln−1(A)⊕m ,
we finish the proof.
Remark 3.4. Actually, a stronger statement than Lemma 3.3(ii) holds: the topology
on Ln(A) is complete, that is, every Cauchy net has a limit in Ln(A), not only a Cauchy
sequence. Equivalently, the natural homomorphism
Ln(A) −→ lim←−
(m,{Vj})
Ln(A)/Um,{Vj}
is an isomorphism. The proof is by induction on n and uses that inverse limits commute
with direct sums in the following sense: suppose that for each element λ in a set Λ, it is
given a directed set Iλ and an inverse system of Abelian groups {P λi }, i ∈ Iλ. Define a
directed set J :=
∏
λ∈Λ
Iλ. Then there is an isomorphism of Abelian groups
⊕
λ∈Λ
(
lim←−
i∈Iλ
P λi
)
≃ lim←−
(iλ)∈J
( ⊕
λ∈Λ
P λiλ
)
.
The proof of this fact follows the same idea as the proof of Lemma 3.3(i).
Note that Ln(A) is not a topological ring when n > 2, since for all open A-submodules
U and U ′ in Ln(A) we have U · U ′ = Ln(A), [40, § 1, Rem. 1]. Indeed, for any iterated
Laurent series f ∈ Ln(A), there is a monomial tintjn−1, i, j ∈ Z, such that tintjn−1f ∈ U and
(tint
j
n−1)
−1 ∈ U ′. However the next lemma still asserts a certain compatibility between
the topology and the product in Ln(A).
Lemma 3.5.
(i) For any element f ∈ Ln(A), multiplication by f is a continuous map from Ln(A)
to itself.
(ii) Given two Cauchy sequences {fi}, i ∈ N, and {gj}, j ∈ N, in Ln(A), their pair-
wise product {figj}, (i, j) ∈ N×2, is a Cauchy sequence as well (with respect to any
bijection N×2 ≃ N) and the limit of the sequence {figj} equals the product of the
limits of {fi} and {gj}.
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Proof. We follow an argument from the proof of [40, § 1, Prop. 2.3]. In order to show
both items, we use induction on n. The case n = 1 is clear for each of two items. To
make the induction step, observe that item (i) is evident for f = tmn , m ∈ Z, that is,
multiplication by tn is a homeomorphism of the topological group Ln(A). Now using
this fact, we consider each item separately.
(i) By item (i) for tmn , m ∈ Z, we can suppose that f ∈ Ln−1(A)[[tn]]. It follows
from formula (9) that a subset of Ln(A) is open if and only if its intersection with each
A-submodule tln · Ln−1(A)[[tn]], l ∈ Z, is open. Therefore it is enough to prove that
multiplication by f is a continuous map from tln · Ln−1(A)[[tn]] to itself for all l ∈ Z. We
can also fix l = 0 and finish the proof using Lemma 3.3(iii) and the induction hypothesis.
(ii) By item (i) for tmn , m ∈ Z, and by Lemma 3.3(i), it is enough to prove a version
of item (ii) for the subring
A((t1)) . . . ((tn−1))[[tn]] = Ln−1(A)[[tn]] ⊂ Ln(A)
with the topology being restricted from Ln(A). By the induction hypothesis and the
isomorphism from Lemma 3.3(iii), this finishes the proof.
3.3 Convergence of power series
By definition, a series
∑
i>0
fi of elements of a topological Abelian group converges if there
is a limit of the sequence of partial sums
N∑
i=1
fi. By Lemma 3.3(ii), a series converges
in Ln(A) if and only if the sequence of its terms {fi}, i ∈ N, tends to zero, because the
base of open neighborhoods of zero is given by subgroups. If this holds, the result of the
summation does not depend on the order of summation and also on the way to represent
the series as a double series or a higher iterated series, cf. [8, Ch. 4, Sec. 5, Theor. 1]. In
particular, convergence is well-defined for an infinite sum of countably many elements
in Ln(A).
Remark 3.6. Given two convergent series
∑
i>0
fi and
∑
j>0
gj in Ln(A), by Lemma 3.5(ii),
the series
∑
(i,j)∈N×2
figj is also convergent (with respect to any bijection N
×2 ≃ N) and we
have the equalities(∑
i>0
fi
)
·
(∑
j>0
gj
)
=
∑
i>0
(∑
j>0
figj
)
=
∑
j>0
(∑
i>0
figj
)
.
Definition 3.7. Define Ln(A)♯ to be the set of all elements f ∈ Ln(A) such that the
sequence {f i}, i ∈ N, tends to zero in Ln(A).
It follows from Lemma 3.5(ii) that if the sequences {f i} and {gi} tend to zero,
then {(f + g)i} tends to zero as well. In other words, Ln(A)♯ is a subgroup of Ln(A).
Also, for any power series ϕ ∈ A[[x1, . . . , xr]] and elements f1, . . . , fr ∈ Ln(A)♯, the series
ϕ(f1, . . . , fr) converges in Ln(A). Here is a more explicit description of the group Ln(A)♯,
cf. [45, Lem. 1.1].
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Proposition 3.8. For any ring A, there is an equality of groups
Ln(A)♯ =
{∑
l∈Zn
alt
l | ∑
l>0
alt
l ∈ Ln(A), ∑
l60
alt
l ∈ Nil(Ln(A))} . (10)
Proof. The proof is by induction on n. The base n = 0, that is, the case of A with a
discrete topology, is clear: {f i} tends to zero in A if and only if f is a nilpotent element
in A. Let us show an induction step. It is readily seen that both sides of formula (10)
contain the group tn · Ln−1(A)[[tn]].
Now take an element f =
∑
i60
git
i
n ∈ Ln(A)♯, where gi ∈ Ln−1(A). Since {f i} is a
Cauchy sequence, using Lemma 3.3(i), we obtain that gi ∈ Nil
(Ln−1(A)) for all i < 0.
Thus the series
∑
i<0
git
i
n is nilpotent.
Further, by the induction hypothesis, we have the equality between the intersections
of the subring Ln−1(A) ⊂ Ln(A) with two sides of formula (10). To prove this, we use
Remark 3.1 and the fact that the restriction of topology from Ln(A) to Ln−1(A) coincides
with the topology on Ln−1(A). This proves that the group Ln(A)♯ is a subgroup of the
group defined by the right hand side of formula (10). To see the inclusion in the opposite
direction we note that Nil
(Ln(A)) ⊂ Ln(A)♯.
The proof of the following statement uses Remark 3.6 and copies the proof of [8,
Ch. 4, Sec. 5, Theor. 2] (see also [45, Lem. 1.2]).
Lemma 3.9. Let ϕ ∈ A[[x1, . . . , xr]] and ψi ∈ A[[yi]], 1 6 i 6 r, be power series such that
the constant terms of all ψi equal zero. Let φ ∈ A[[y1, . . . , yr]] be the formal composition
ϕ
(
ψ1, . . . , ψr
)
. Then for all elements f1, . . . , fr ∈ Ln(A)♯, there is an equality in Ln(A)
ϕ
(
ψ1(f1), . . . , ψr(fr)
)
= φ(f1, . . . , fr) .
3.4 Differential forms
Consider absolute Ka¨hler differentials Ω1Ln(A) for the ring Ln(A). By K ⊂ Ω1Ln(A) denote
the Ln(A)-submodule generated by all elements df −
n∑
i=1
∂f
∂ti
dti, where f ∈ Ln(A). In
particular, K contains the elements da, where a ∈ A.
Definition 3.10. Define the quotient
Ω˜1Ln(A) := Ω
1
Ln(A)/K .
It is easily shown that Ω˜1Ln(A) is a free module over the ring Ln(A) with the basis
dt1, . . . , dtn. Further, put Ω˜
i
Ln(A) :=
∧i
Ln(A) Ω˜
1
Ln(A).
One checks directly that the de Rham differential d : Ω1Ln(A) → Ω2Ln(A) sends K
toK ∧ Ω1Ln(A). Therefore we have a well-defined de Rham differential d : Ω˜iLn(A) → Ω˜i+1Ln(A)
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for any i > 0 (which we denote by the same letter “d”), and, obviously, the following
diagram is commutative:
ΩiLn(A)
d−−−→ Ωi+1Ln(A)y y
Ω˜iLn(A)
d−−−→ Ω˜i+1Ln(A)
where the vertical arrows are the natural maps.
The topology on Ln(A) defined in Subsection 3.2 naturally induces a topology on
each free Ln(A)-module Ω˜iLn(A), i > 0. One easily checks that the de Rham differential
is continuous with respect to this topology. Therefore for any element f ∈ Ln(A)♯ and a
power series ϕ ∈ A[[x]], there is an equality in Ω˜1Ln(A)
∂ϕ
∂x
(f)df = d(ϕ(f)) . (11)
Let log(1+x) :=
∑
i>1
(−1)i+1 xi
i
and exp(x) :=
∑
i>0
xi
i!
be the usual power series from the
ring Q[[x]]. Let Li2(x) :=
∑
i>1
xi
i2
∈ Q[[x]] be the dilogarithm.
The next lemma is directly implied by formula (11).
Lemma 3.11. Let A be a Q-algebra. There are the following equalities in Ω˜1Ln(A).
(i) For any f ∈ Ln(A)♯, there is an equality df
1+f
= d(1+f)
1+f
= d log(1 + f).
(ii) For any f ∈ Ln(A)♯ ∩ Ln(A)∗, there is an equality
log(1− f)df
f
= d (−Li2(f)) .
(iii) For any f ∈ Ln(A)♯ and ψ ∈ A[[x]]∗, there exists ϕ ∈ A[[x]] such that
log(1− f) df
ψ(f)
= d(ϕ(f)) .
There is a homomorphism
res : Ω˜nLn(A) −→ A ,
∑
l∈Zn
alt
l · dt1 ∧ . . . ∧ dtn 7−→ a−1...−1 , (12)
called a residue map. For simplicity, we also use notation “res” for the map from ΩnLn(A)
to A which is the composition of the natural map ΩnLn(A) → Ω˜nLn(A) with the map res
defined by formula (12).
For any element η ∈ Ω˜n−1Ln(A), we have res(dη) = 0. Moreover we have the following
fact.
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Lemma 3.12. For any Q-algebra A, there is an isomorphism
res : Ω˜nLn(A)/dΩ˜
n−1
Ln(A)
∼−→ A .
Proof. The proof is based on the following observation: d is continuous and if li 6= −1
for some i, 1 6 i 6 n, then there is an equality
tl11 . . . t
ln
n dt1 ∧ . . . ∧ dtn = d
(
(−1)i−1
li + 1
tl11 . . . t
li+1
i . . . t
ln
n dt1 ∧ . . . dti−1 ∧ dti+1 ∧ . . . ∧ dtn
)
.
4 Iterated loop group of Gm
4.1 Iterated loop functors
Definition 4.1. For a functor F (see Section 2), a loop functor of F is the functor LF
given by the formula LF (A) := F
(
A((t))
)
for a ring A. We call LnF := L . . . L︸ ︷︷ ︸
n
F an
n-iterated loop functor of F for a natural number n. If F is a group functor, then we
also call LF and LnF a loop group and an n-iterated loop group of F , respectively.
Explicitly, we have
LnF (A) = F
(
A((t1)) . . . ((tn))
)
for a ring A. We have natural morphisms of functors
F −→ LF , F −→ LnF (13)
that correspond to the maps
F (A) −→ F (A((t))) , F (A) −→ F (A((t1)) . . . ((tn)))
given by constant series. For the additive group scheme Ga = Spec(Z[x]), we have
that LnGa(A) is the additive group of the ring of iterated Laurent series Ln(A).
We are interested in the n-iterated loop group LnGm of the multiplicative group
scheme Gm = Spec(Z[x, x
−1]). Explicitly, we have that LnGm(A) is the multiplicative
group Ln(A)∗ of invertible elements in the ring Ln(A).
4.2 Decomposition
In order to describe the n-iterated loop group LnGm, we consider several group subfunc-
tors in it. First we have an embedding of group functors
Gm →֒ LnGm (14)
given by constant series.
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Definition 4.2. Let Z be the group functor defined as follows: given a ring A, we have
that Z(A) is the group of locally constant functions on Spec(A) with values in Z.
In other words, Z is the constant sheaf with respect to the Zariski topology associated
with the group Z. Since affine schemes are quasi-compact, given a ring A, an element
l ∈ Z(A) determines a decomposition into a finite product of rings
A ≃
N∏
i=1
Ai
and a collection of integers li, 1 6 i 6 N , such that for every i, the restriction of l
to Spec(Ai) is the constant function whose value equals li.
Analogous facts hold for the group functor Zn. We have an embedding of group
functors
Zn →֒ LnGm (15)
that sends l ∈ Zn(A) to tl for a ring A, where we put
tl := (tl111 · . . . · tln1n , . . . , tl1M1 · . . . · tlnMn ) ∈ Ln(A) ≃
M∏
i=1
Ln(Ai)
and a decomposition A ≃
M∏
i=1
Ai is such that for every i, 1 6 i 6 M , the restriction of l
to Spec(Ai) is the constant function whose value equals (l1i, . . . , lni) ∈ Zn.
Further, consider the following lexicographical order on Zn: put (l1, . . . , ln) 6
(l′1, . . . , l
′
n) if and only if either ln < l
′
n or ln = l
′
n and (l1, . . . , ln−1) 6 (l
′
1, . . . , l
′
n−1).
Note that the order is invariant under translations on the group Zn. We abbreviate
(0, . . . , 0) to 0. Define the group functors
Vn,+(A) :=
{
1 +
∑
0<l∈Zn
alt
l | ∑
l>0
alt
l ∈ Ln(A)
}
, (16)
Vn,−(A) :=
{
1 +
∑
0>l∈Zn
alt
l | ∑
l<0
alt
l ∈ Nil(Ln(A))} . (17)
The group structure on Vn,+ and Vn,− is given by the product of iterated Laurent series
and we have embeddings of group functors
Vn,+ →֒ LnGm , Vn,− →֒ LnGm . (18)
Proposition 4.3. Embeddings (14), (15), and (18) induce an isomorphism of group
functors
Zn ×Gm × Vn,+ × Vn,− ≃ LnGm . (19)
Proof. We use induction on n. The base n = 1 is proved by Contou-Carre`re [12,
Lem. 1.3], [13, Lem. 0.8]. For the induction step, we consider loop functors of all functors
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in formula (19) with n being replaced by n−1. Then we use the isomorphism Z ≃ LZ in-
duced by morphisms (13) and proved by the second named author and Zhu [37, Lem. 3.2],
and we use also the isomorphisms
V1,+ × LVn−1,+ ≃ Vn,+ , V1,− × LVn−1,− ≃ Vn,− . (20)
Here, given a ring A, elements in V1,+(A) and V1,−(A) are Laurent series in t1 with coeffi-
cients in A that satisfy conditions from (16) and (17), respectively, with n = 1. Similarly,
elements in LVn−1,+(A) and LVn−1,−(A) are iterated Laurent series in t2, . . . , tn with co-
efficients in A((t1)) that satisfy conditions from (16) and (17) with n being replaced by
n− 1 and A being replaced by A((t1)). Isomorphisms (20) can be checked directly with
the help of the following obvious fact: given a ring B and subgroups P,Q ⊂ B∗ such
that P ∩Q = {1} and P · (Q− 1) = Q− 1, we have the isomorphism
P ×Q ∼−→ P +Q− 1 , (p, q) 7−→ p · q = p + p · (q − 1) .
We apply this fact to B = Ln(A), P = V1,+(A), Q = LVn−1,+(A) and P = V1,−(A),
Q = LVn−1,−(A).
Remark 4.4. For n = 2, Proposition 4.3 was proved in [37, § 3.1].
Decomposition (19) defines projections
ν : LnGm −→ Zn , π : LnGm −→ Gm . (21)
Example 4.5.
(i) Suppose that for an invertible iterated Laurent series f =
∑
l∈Zn
alt
l ∈ LnGm(A), one
has that ν(f) ∈ Zn ⊂ Zn(A), that is, ν(f) is a constant function on Spec(A).
For instance, this is true when Spec(A) is connected. Then f has an invertible
coefficient al ∈ A∗ for some l ∈ Zn and ν(f) ∈ Zn is the smallest index of an
invertible coefficient with respect to the lexicographical order on Zn. Moreover, all
coefficients of f with smaller indices than ν(f) are nilpotent elements in A.
(ii) If A = k is a field and n = 1, then ν is the natural discrete valuation on the
field L(A) = k((t)) and π sends a non-zero series to the first non-zero coefficient.
(iii) Let ε be a formal variable that satisfies ε2 = 0, take A = Z[ε], and consider the
invertible Laurent series in L(A)
f = (εt−1 + 1) · (1 + t) = εt−1 + (1 + ε) + t .
Then ν(f) = 0 and π(f) = 1, but the constant term of f is not 1.
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4.3 Special subgroups
We have group functors Nil and 1+Nil, where the group structures are given by the sum
and the product of elements in a ring, respectively. In particular, there is an embedding
of group functors (1 + Nil) →֒ Gm.
Definition 4.6. Define the following group subfunctors of LnGm (see formulas (16), (17),
and (21)):
(LnGm)
0 := Ker(ν) = Gm × Vn,+ × Vn,− ,
(LnGm)
♯ := (1 + Nil)× Vn,+ × Vn,− .
Evidently, (LnGm)
♯ is embedded into (LnGm)
0, its intersection with Gm is the group
functor 1+Nil, and we have that (LnGm)
0 = Gm · (LnGm)♯. By Proposition 4.3, we have
decompositions
Zn × (Gm · (LnGm)♯) = Zn × (LnGm)0 ≃ LnGm . (22)
Here is a more explicit description of the group functors (LnGm)
0 and (LnGm)
♯.
Lemma 4.7. Let A be a ring.
(i) For any element f ∈ (LnGm)0(A), the constant term of f is invertible and its class
in A∗/
(
1 + Nil(A)
)
is equal to the class of π(f) ∈ A∗ (cf. Example 4.5(iii)).
(ii) There is an equality of group functors
(LnGm)
0(A) =
{
1 +
∑
l∈Zn
alt
l | 1 + a0 ∈ A∗,
∑
l>0
alt
l ∈ Ln(A), ∑
l<0
alt
l ∈ Nil(Ln(A))} .
(iii) There is an equality of group functors
(LnGm)
♯(A) =
{
1 +
∑
l∈Zn
alt
l | a0 ∈ Nil(A),
∑
l>0
alt
l ∈ Ln(A), ∑
l<0
alt
l ∈ Nil(Ln(A))} .
Proof. (i) Open brackets in decomposition (19).
(ii) Note that an iterated Laurent series
∑
l∈Zn
blt
l ∈ Ln(A) is nilpotent if and only if the
constant term b0 ∈ Nil(A) and the iterated Laurent series
∑
l>0
blt
l and
∑
l<0
blt
l are nilpotent
(this is easily proved by induction on n with the help of Remark 3.1). Using this,
one shows that the left hand side is contained in the right hand side. Then one
checks that the right hand side is contained in a coset of (Gm × Vn,+ × Vn,−)(A)
in LnGm(A), since, by Proposition 4.3, the subgroup Z
n(A) is a transversal for the
cosets of (Gm × Vn,+ × Vn,−)(A).
(iii) This follows directly from items (i) and (ii).
Definition 4.8. Define the following group subfunctor of LnGa (see Definition 3.7 and
Proposition 3.8):
(LnGa)
♯(A) := Ln(A)♯ =
{∑
l∈Zn
alt
l | ∑
l>0
alt
l ∈ Ln(A), ∑
l60
alt
l ∈ Nil(Ln(A))} .
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Obviously, there is an isomorphism of functors (LnGm)
♯ ≃ (LnGa)♯, f 7→ f−1, which
does not respect the group structure. However over Q there is a group isomorphism, given
in the following proposition.
Proposition 4.9. There is a well-defined isomorphism of group functors
log : (LnGm)
♯
Q
∼−→ (LnGa)♯Q
whose inverse is given by exp.
Proof. This follows directly from Lemma 3.9, because there are equalities of power series
exp
(
log(1 + x)
)
= 1 + x , log
(
exp(x)
)
= x ,
log(1 + x+ y + xy) = log(1 + x) + log(1 + y) , exp(x+ y) = exp(x) · exp(y) .
5 Auxiliary results on ind-affine schemes
Let R be a ring.
5.1 Ind-schemes
Recall some general notions related to ind-schemes. Given a category C, one has the
category of ind-objects in C, [22], [3]. Explicitly, an ind-object in C is given by a directed
partially ordered set I, a collection of objects Ci in C for all i ∈ I, and a collection of
compatible morphisms Ci → Cj for all i 6 j. Such an ind-object is denoted by “lim−→
i∈I
”Ci.
Ind-objects in the category of schemes are called ind-schemes. An ind-affine scheme
is an ind-scheme X which is isomorphic to “lim−→
i∈I
”Xi with all Xi, i ∈ I, being affine
schemes. Similarly, we have the notions of ind-schemes and ind-affine schemes over R.
Given an ind-scheme X , we denote the functor that sends a ring A to the set
X(A) := Hom
(
Spec(A), X
)
also by X . Note that X(A) equals lim−→
i∈I
Xi(A) for an ind-
scheme X = “lim−→
i∈I
”Xi. A morphism between ind-schemes is the same as a morphism
between the corresponding functors on the category of rings.
For example, a discussion after Definition 4.2 implies that the group functor Z is
represented by the ind-affine scheme “lim−→
N>0
”
∐
−N6i6N
Spec(Z) .
An ind-closed subscheme of a scheme V is an ind-object in the category of closed
subschemes of V with morphisms being embeddings between closed subschemes. Explic-
itly, an ind-closed subscheme of V is given by a directed partially ordered set I and a
collection of closed subschemes Xi ⊂ V for all i ∈ I such that Xi ⊂ Xj if i 6 j. In
particular, an ind-closed subscheme in an affine scheme is an ind-affine scheme.
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An ind-closed subscheme of an ind-scheme Y ≃ “lim−→
j∈J
”Yj is an ind-scheme
X ≃ “lim−→
i∈I
”Xi together with a morphism of ind-schemes X → Y such that for any i ∈ I,
there is j ∈ J and there is a commutative diagram
Xi −−−→ Yjy y
X −−−→ Y
with the top horizontal arrow being a closed embedding of schemes and the vertical
arrows being the natural morphisms.
In particular, if Y is an ind-closed subscheme of a scheme V , then an ind-closed
subscheme of Y is the same as an ind-closed subscheme X ≃ “lim−→
i∈I
”Xi of V such that
for any i ∈ I, there is j ∈ J that satisfies Xi ⊂ Yj . Equivalently, we have a morphism
X → Y in the category of ind-closed subschemes of V .
Given two ind-closed subschemes X ≃ “lim−→
i∈I
”Xi and Y ≃ “lim−→
j∈J
”Yj of a scheme V , the
intersection X ∩ Y is the ind-closed subscheme “ lim−→
(i,j)∈I×J
”Xi ∩ Yj of V . Here we take a
schematic intersection of two closed subschemes of V , that is, the intersection is given by
the ideal sheaf generated by the ideal sheaves of two closed subschemes. More generally,
one can also consider the intersection of two ind-closed subschemes in an ind-scheme,
though we will not use it.
Given an ind-scheme X , the ring of regular functions on X is defined by the formula
O(X) := Hom(X,A1). In particular, V = Spec(O(V )) for an affine scheme V . Explic-
itly, for an ind-scheme X ≃ “lim−→
i∈I
”Xi, there is an isomorphism O(X) ≃ lim←−
i∈I
O(Xi). This
isomorphism is well-behaved with respect to morphisms of ind-schemes. A morphism of
ind-schemes α : X → Y induces a homomorphism of rings α∗ : O(Y ) → O(X). For an
ind-scheme X over R, the ring O(X) is naturally an R-algebra.
One represents regular functions on a closed subscheme of an affine space by polyno-
mials in coordinates. This is no more true for an ind-closed subscheme of an affine space.
In this case, it is natural to represent regular functions by power series in coordinates. For
example, for the ind-closed subscheme X = “lim−→
d∈N
”Spec
(
Z[x]/(xd)
)
of A1 = Spec
(
Z[x]
)
,
we have an isomorphism O(X) ≃ Z[[x]]. In Subsection 5.4, we generalize this for a
certain class of ind-closed subschemes of ind-affine spaces.
5.2 Algebraic convergence of power series
Let us introduce some notation concerning polynomials and power series in infinitely
many variables. Let M be a (possibly, infinite) set. By R[M ] denote the algebra of poly-
nomials over R in formal variables xm that correspond bijectively to elements m ∈ M .
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We also denote this algebra by R[xm; m ∈M ] if needed to specify the formal variables.
Note that the set of monomials in xm, m ∈ M , is in bijection with the d-th symmetric
power Symd(M) of the set M , that is, with the set of unordered d-tuples of elements
in M . Thus there is an isomorphism
R[M ] ≃ ⊕
d>0
R⊕Sym
d(M) ,
where for a set P , by R⊕P we denote the group of all functions with finite support from P
to R.
We say that the affine scheme AMR := Spec
(
R[M ]
)
is an affine space over R. Thus the
formal variables xm, m ∈M , are interpreted as coordinates on the affine space AMR . For
short, we denote AMR as A
M if it is clear over which ring the affine space is considered.
In what follows, we consider affine spaces over R. Given a subset M ′ ⊂M , we have a
closed embedding AM
′ ⊂ AM such that the corresponding epimorphism R[M ]→ R[M ′]
is identical on M ′ and vanishes onM rM ′. Let (M) ⊂ R[M ] denote the ideal generated
by all xm, m ∈M .
Definition 5.1. An algebra of power series over R in formal variables xm, m ∈ M , is
defined by the formula
R[[M ]] := lim←−
(M ′,d)
R[M ′]/(M ′)d ,
where M ′ runs over all finite subsets of M and d ∈ N.
We also denote this algebra by R[[xm; m ∈M ]]. If M is at most countable, then
elements in R[[M ]] are countable sums of pair-wise different monomials in xm, m ∈ M ,
with coefficients in R. For example, the infinite sums
∑
m∈M
xm,
∑
d>0
xd, and
∑
m∈M, d>0
xdm are
power series, while the infinite sum x+2x+3x+ . . . is not. For a general setM , elements
in R[[M ]] are transfinite sums of such monomials. In any case, there are isomorphisms
R[[M ]] ≃ ∏
d>0
lim←−
M ′
R⊕Sym
d(M ′) ≃ ∏
d>0
RSym
d(M) , (23)
where, as above, M ′ runs over all finite subsets of M and for a set P , by RP we denote
the group of all functions from P to R. Thus a power series ϕ ∈ R[[M ]] is decomposed
into a countable sum of homogenous power series: ϕ =
∑
d>0
ϕd, ϕd ∈ RSymd(M). A support
of a power series ϕ is the set of monomials that have a non-zero coefficient in ϕ. In other
words, the support is a subset of
∐
d>0
Symd(M) that corresponds to non-zero coefficients
in ϕ with respect to decomposition (23).
Definition 5.2.
(i) Let A be an R-algebra and let d > 0 be a natural number. A homogenous power
series ϕd ∈ RSymd(M) converges algebraically at an A-point p ∈ AM(A) = AM if
all but finitely many monomials in the support of ϕd vanish at p. If this holds,
then ϕd(p) is a well-defined element in the algebra A.
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(ii) An arbitrary power series ϕ ∈ R[[M ]] converges algebraically at an A-point p as
in item (i) if all its homogenous components ϕd, d > 0, converge algebraically
at p and there is d0 ∈ N such that ϕd(p) = 0 when d > d0. If this holds, then
ϕ(p) =
∑
d<d0
ϕd(p) is a well-defined element in the algebra A.
(iii) A power series ϕ converges algebraically on an ind-closed subscheme X ⊂ AM if ϕ
converges algebraically at all its A-points for any R-algebra A. By A(X) denote
the set of all power series in R[[M ]] that converge algebraically on X .
Example 5.3.
(o) Any polynomial converges algebraically at any point.
(i) Any power series converges algebraically at a point with finitely many non-zero
coordinates all of which are nilpotent.
(ii) The series
∑
m∈M
xm converges algebraically at a point if and only if all but finitely
many coordinates of the point are equal to zero.
(iii) The series
∑
d>0
(xd1−xd2) converges algebraically (and, actually, vanishes) at the point
(1, 1) ∈ A2, while the series ∑
d>0
(−1)dxd1 does not.
(iv) For a closed subscheme V ⊂ AM , a power series converges algebraically on V if
and only if it converges algebraically at the point p ∈ AM(O(V )) that corresponds
to the restriction homomorphism O(AM)→ O(V ).
(v) For a ind-closed subscheme X = “lim−→
i∈I
”Xi of A
M , a power series converges alge-
braically onX if and only if it converges algebraically at all points pi ∈ AM
(O(Xi))
that correspond to the restriction homomorphisms O(AM)→ O(Xi), i ∈ I.
Given an ind-closed subscheme X ⊂ AM , the set A(X) is an R-algebra and we have
a canonical homomorphism of R-algebras
A(X) −→ O(X) (24)
given by evaluation of algebraically convergent series at points ofX . This homomorphism
being an isomorphism means that any regular function on X is uniquely expanded as
an algebraically convergent power series in xm, m ∈ M . For example, this holds for the
affine space AM .
5.3 Ind-affine spaces
As above, we continue considering affine spaces over R. We shall work with ind-closed
subchemes not only in affine spaces but also in ind-affine spaces. For this goal, we need to
introduce one more notion. First, recall that an ind-set is an ind-object in the category
of sets.
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Definition 5.4. A strict ind-set is an ind-set “lim−→
i∈I
”Ei such that all structure maps
Ei → Ej , i 6 j, are injective. Given a strict ind-set E = “lim−→
i∈I
”Ei, by E denote the
set
⋃
i∈I
Ei and by Ef denote the strict ind-set formed by all finite subsets of E.
In particular, any set is also a strict ind-set.
In what follows, E = “lim−→
i∈I
”Ei is a strict ind-set. We call the ind-affine scheme
AE := “lim−→
i∈I
”AEi an ind-affine space. Clearly, AE is an ind-closed subscheme of the affine
space AE and there is an isomorphism of R-algebras
O(AE) ≃ lim←−
i∈I
⊕
d>0
R⊕Sym
d(Ei) . (25)
Definition 5.5. Given a set M and a natural number d, define the following closed
subscheme of AM :
AM(d) := Spec
(
R[M ]/(M)d
)
.
Define also the following ind-closed subscheme of the ind-affine space AE :
ÂE := “lim−→
(i,d)
”AEi(d) ,
where (i, d) ∈ I × N.
In particular, for a set M , we have that ÂM = “lim−→
d∈N
”AM(d) and there is an isomorphism
of R-algebras
O(ÂM) ≃ ∏
d>0
R⊕Sym
d(M) .
Further, we have the equalities
ÂE = “lim−→
i∈I
”ÂEi = “lim−→
d>0
”AE(d) , (26)
where for each natural number d, we put AE(d) := “lim−→
i∈I
”AEi(d), and there are isomorphisms
of R-algebras
O(ÂE) ≃ lim←−
i∈I
∏
d>0
R⊕Sym
d(Ei) ≃ ∏
d>0
lim←−
i∈I
R⊕Sym
d(Ei) . (27)
Also, AEf is an ind-closed subscheme of the ind-affine scheme AE and there is an iso-
morphism of R-algebras
O(ÂEf ) ≃ R[[E]] . (28)
Explicitly, given an R-algebra A, a point p ∈ AE(A) = AE belongs to the ind-closed
subscheme AEf ⊂ AE if and only if p has finitely many non-zero coordinates all of which
are nilpotent.
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Remark 5.6. Formulas (25) and (27) imply that O(AE) and O(ÂE) are subalgebras of
the algebra of power series R[[E]]. Moreover, there are equalities A(AE) = O(AE) and
A(ÂE) = O(ÂE), where A(AE) and A(ÂE) are defined by means of the embeddings
of AE and ÂE into the affine space AE . Thus the canonical homomorphism (24) is an
isomorphism for the ind-closed subschemes AE and ÂE of the affine space AE .
5.4 Thick ind-cones
As above, we continue considering affine spaces over R, M is a set, and E is a strict
ind-set.
Definition 5.7. A closed subscheme V ⊂ AM is a cone if V corresponds to a homogenous
ideal in R[M ] = R[xm; m ∈ M ], where all xm have degree 1. An ind-closed subscheme
X ⊂ AE is an ind-cone if there is an isomorphism X ≃ “lim−→
i∈I
”Xi such that Xi ⊂ AE is a
cone for all i ∈ I.
One can show that X as above is a cone if and only if X is invariant under homoth-
eties, that is, for any R-algebra A and an element a ∈ A, the subset X(A) ⊂ AE(A) = AE
is preserved under multiplication of all coordinates by a.
The following lemma contains a crucial property of cones, which is of utmost impor-
tance for the main results of the paper.
Lemma 5.8. Let V ⊂ AM be a cone.
(i) The restriction homomorphism θV : O(V )→ O(V ∩ ÂM) is injective.
(ii) The following commutative diagram is a Cartesian square:
A(V ) ∩ O(ÂM) −−−→ O(ÂM)y yξV
O(V ) θV−−−→ O(V ∩ ÂM) ,
where the intersection in the left upper corner is taken in R[[M ]], the intersection
in the right bottom corner is taken among ind-closed subschemes of AM , and ξV is
the restriction homomorphism.
Remark 5.9. Explicitly, Lemma 5.8(ii) claims that a regular function ϕ ∈ O(ÂM) viewed
as a power series in R[[M ]] (see Remark 5.6) converges algebraically on V if and only if
the restriction of ϕ to V ∩ÂM extends to a regular function on V . Also, by Lemma 5.8(i),
the latter regular function on V is unique if it exists.
Proof of Lemma 5.8. (i) Let IV ⊂ R[M ] be the ideal that defines the closed subscheme
V ⊂ AM . Since V is a cone, the ring O(V ) = R[M ]/IV is graded, that is, we have a
decomposition O(V ) ≃ ⊕
d>0
Ad. Therefore the ring
O(V ∩ ÂM) ≃ lim←−
d∈N
O(V ∩ AM(d)) ≃ lim←−
d∈N
R[M ]/
(
IV + (M)
d
)
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is isomorphic to
∏
d>0
Ad and the homomorphism θV is nothing but the natural embedding⊕
d>0
Ad →֒
∏
d>0
Ad.
(ii) Consider a series ϕ ∈ O(ÂM) ⊂ R[[M ]]. Let p ∈ AM(O(V )) be the point that
corresponds to the restriction homomorphism O(AM) → O(V ). By Example 5.3(iv), ϕ
converges algebraically on V if and only if it converges algebraically at p. We see that
each homogenous component ϕd ∈ R⊕Symd(M) of ϕ converges algebraically at p. Hence ϕ
converges algebraically at p if and only if ϕd(p) ∈ Ad equals zero for sufficiently large d.
By item (i), the latter is equivalent to the fact that ξV (ϕ) = ϕ(p) ∈
∏
d>0
Ad is in the
image of the ring O(V ) ≃ ⊕
d>0
Ad under the map θV . This proves the lemma.
Definition 5.10. An ind-closed subscheme X ⊂ AE is thick if X contains the ind-closed
subscheme ÂE ⊂ AE (see Definition 5.5).
In particular, AEf is thick in AE if and only if Ef ≃ E.
Here is the main property of thick ind-cones, which generalizes Remark 5.6.
Proposition 5.11. Let X ⊂ AE be a thick ind-cone. Then the canonical homomorphism
A(X)→ O(X) is an isomorphism (see formula (24)), where A(X) is defined by means
of the embedding of X into the affine space AE.
Proof. We may assume that E ≃ “lim−→
i∈I
”Ei, X ≃ “lim−→
i∈I
”Xi, and Xi is a cone in the affine
space AEi for any i ∈ I. For each i ∈ I, apply Lemma 5.8 to the cone Xi ⊂ AEi and get
a Cartesian square
A(Xi) ∩ O(ÂEi) −−−→ O(ÂEi)y y
O(Xi) −−−→ O(Xi ∩ ÂEi) .
By formula (26), we have the isomorphisms
lim←−
i∈I
A(Xi) ∩O(ÂEi) ≃ A(X) ∩O(ÂE) , lim←−
i∈I
O(ÂEi) ≃ O(ÂE) .
Evidently, “lim−→
i∈I
”Xi ∩ ÂEi ≃ X ∩ ÂE. Thus, passing to the inverse limit over i ∈ I and
using that inverse limits are left exact, we obtain a Cartesian square
A(X) ∩O(ÂE) −−−→ O(ÂE)y y
O(X) −−−→ O(X ∩ ÂE) .
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Since X is thick in AE, we have the equality ÂE ∩ X = ÂE and the restriction homo-
morphism O(ÂE) → O(X ∩ ÂE) is an isomorphism. Also, since ÂE ⊂ X , there is an
equality A(X) ∩A(ÂE) = A(X). Since A(ÂE) = O(ÂE) (see Remark 5.6), this implies
the equality A(X) ∩O(ÂE) = A(X). All together, this proves the proposition.
Remark 5.12. It is easy to check that the composition of the inverse to the isomorphism
A(X) ∼−→ O(X) from Proposition 5.11 with the embedding A(X) ⊂ R[[E]] coincides
with the restriction of functions to the ind-closed subscheme ÂEf ⊂ ÂE ⊂ X (see for-
mula (28)).
We will also use the following simple properties of thick ind-cones.
Lemma 5.13. Let E1, E2 be strict ind-sets and let X1 ⊂ AE1, X2 ⊂ AE2 be ind-closed
subschemes of the corresponding ind-affine spaces over R. Put
E := E1
∐
E2 , X := X1 ×X2 ⊂ AE1 × AE2 ≃ AE .
Then X ⊂ AE is thick (respectively, is an ind-cone) if and only if X1 ⊂ AE1 and
X2 ⊂ AE2 are thick (respectively, are ind-cones).
Proof. For each a = 1, 2, we have equalities
Xa = X ∩ AEa , ÂEa = ÂE ∩ AEa
between ind-closed subschemes of AE, which proves one implication. For the other
implication, use the isomorphism ÂE1 × ÂE2 ≃ ÂE.
The proof of the following statement is straightforward.
Lemma 5.14. Let X ⊂ AE be an ind-closed subset and R→ S be a homomorphism of
rings. If X is thick (respectively, is an ind-cone) in AE, then XS is thick (respectively,
is an ind-cone) in AES .
Here are further remarkable properties of functions on thick ind-cones.
Proposition 5.15. Let X ⊂ AE be a thick ind-cone and let α, α′ : X → Y be two
morphisms to an affine scheme Y over R. Suppose that for any R-algebra A and any point
p ∈ X(A) ⊂ AE(A) with finitely many non-zero coordinates all of which are nilpotent,
there is an equality α(p) = α′(p) ∈ Y (A). Then α = α′.
Proof. Using a closed embedding Y ⊂ AM for a set M , we easily reduce the proposition
to the case Y = A1. Then the statement follows directly from Proposition 5.11 and
Remark 5.12.
Proposition 5.16. Let X ⊂ AE be a thick ind-cone and let R ⊂ S be an embedding of
rings.
(i) The natural homomorphism O(X)→ O(XS) is injective.
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(ii) Consider a power series ϕ ∈ S[[E]] and a regular function φ ∈ O(X). Suppose that
for any S-algebra A and any point p ∈ X(A) ⊂ AE(A) with finitely many non-zero
coordinates all of which are nilpotent, there is an equality
ϕ(p) = φ(p) ∈ A .
Then ϕ has coefficients from R, that is, ϕ ∈ R[[E]]. Besides, the power series ϕ
converges algebraically on X, that is, ϕ ∈ A(X), and ϕ goes to φ under the canon-
ical homomorphism A(X)→ O(X).
Proof. (i) Use Proposition 5.11, Lemma 5.14, and the fact that the natural map from
A(X) ⊂ R[[E]] to A(XS) ⊂ S[[E]] is injective.
(ii) This follows directly from Proposition 5.11 and Remark 5.12.
An ind-affine scheme Y over R is ind-flat over R if there is an isomorphism
Y ≃ “lim−→
j∈J
”Yj such that Yj is a flat affine scheme over R for any j ∈ J . The follow-
ing fact is a generalization of Proposition 5.16(i).
Proposition 5.17. Let X be a thick ind-cone in an ind-affine space over R, Y be an
ind-flat ind-affine scheme over R, and Z be an affine scheme over R. Let R ⊂ S be an
embedding of rings. Then the natural map
HomR(X × Y, Z) −→ HomS
(
(X × Y )S, ZS
)
is injective.
Proof. First, using a closed embedding Z ⊂ AM for a set M , we easily reduce the
proposition to the case Z = A1. In other words, it is enough to prove that the natural
map
O(X × Y ) −→ O((X × Y )S)
is injective.
Let Y ≃ “lim−→
j∈J
”Yj be such that Yj is a flat affine scheme over R for any j ∈ J . We
have canonical isomorphisms
O(X × Y ) ≃ lim←−
j∈J
O(X × Yj) , O
(
(X × Y )S
) ≃ lim←−
j∈J
O((X × Yj)S) .
Therefore it is enough to consider the case when Y is a flat affine scheme over R, because
inverse limits are left exact.
Let Y ≃ Spec(A), where A is a flat R-algebra. Put B := A ⊗R S. Clearly, we have
canonical isomorphisms
O(X × Y ) ≃ O(XA) , O
(
(X × Y )S
) ≃ O(XB) .
Since the homomorphism R → S is injective and A is flat over R, the natural homo-
morphism A → B is injective as well. Thus we finish the proof by Lemma 5.14 and
Proposition 5.16(i) applied to the embedding of rings A ⊂ B.
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5.5 Connectedness
Definition 5.18. An ind-scheme X over R is connected over R if any idempotent
in O(X) is the image of an idempotent in R under the natural homomorphism of rings
R→ O(X). An ind-scheme X over R is absolutely connected over R if for any homo-
morphism of rings R→ S, the ind-scheme XS is connected over S.
Remark 5.19. Idempotents in a ring A correspond bijectively to decompositions of the
topological space Spec(A) into a disjoint union of two closed subsets. Therefore any
surjective homomorphism A → B such that all elements in the kernel are nilpotent
induces a bijection between the sets of idempotent in A and B. It follows that an affine
scheme X over R is (absolutely) connected over R if and only if XRred is (absolutely)
connected over Rred, where Rred is the quotient of R over the nilradical Nil(R) (cf. the
proof of [37, Lem. 3.2]).
One easily checks that if Spec(R) is connected as a topological space, then
an ind-scheme X over R is connected over R if and only if any morphism
X → Spec(R)∐Spec(R) over R factors through a copy of Spec(R). If X is a scheme
over R, then the latter is also equivalent to connectedness of X as a topological space.
Example 5.20.
(i) The affine line A1 is absolutely connected over Z. Indeed, by Remark 5.19, it
is enough to show that A1R is connected over R for any ring R without non-zero
nilpotents. A non-zero idempotent in O(A1R) corresponds to a polynomial
f = a0 + a1x+ . . .+ adx
d ∈ R[x]
such that f 2 = f , where ad 6= 0. If d > 0, then a2d = 0, which contradicts the
condition ad 6= 0. This shows that A1R is connected over R. More generally, for any
set M , the affine space AM is absolutely connected over Z (the proof is similar).
(ii) One shows similarly as in item (i) that Gm is absolutely connected over Z.
Remark 5.21. Let X ≃ “lim−→
i∈I
”Xi be an ind-scheme over R. Suppose that for any i ∈ I, the
scheme Xi is connected over R and the homomorphism of rings R→ O(Xi) is injective
(for example, the latter condition holds if Xi(R) is not empty). Then X is connected
over R.
The following simple lemma says that ind-cones are absolutely connected. Geomet-
rically speaking, this holds because one can join any point on a cone with the vertex.
Lemma 5.22. Let X be an ind-cone in an ind-affine space over R. Then X is absolutely
connected over R.
Proof. By Lemma 5.14, it is enough to prove that X is connected over R. Any cone
has the point 0 := (0, 0, . . .) over any ring. Therefore by Remark 5.21, it is enough to
suppose that X is a cone V in an affine space AM over R, where M is a set. Consider an
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idempotent φ ∈ O(V ). Let e ∈ R be the value of φ at the point 0 ∈ V (R). Then e is also
an idempotent. Let us show that φ is equal to the image of e under the homomorphism
R→ O(V ).
Let A be an R-algebra and let x ∈ V (A) ⊂ AM(A) = AM be an A-point on V .
Since V is a cone, we have a morphism of schemes over A
γ : A1A −→ VA , a 7−→ a · x ,
which is a line on the cone joining 0 and x. By Example 5.20(i), A1A is connected over A.
Therefore the idempotent γ∗(φ) ∈ O(A1A) is the image of an idempotent in A under the
homomorphism A→ O(A1A). In particular, the function γ∗(φ) on A1A is constant and we
have the equalities in A:
φ(0) = γ∗(φ)(0) = γ∗(φ)(1) = φ(x) .
On the other hand, φ(0) is the image in A of e ∈ R under the homomorphism R→ A. All
together, this proves that φ is the image of e under the homomorphism R→ O(V ).
Recall that the group functor Z (see Definition 4.2) is represented by an ind-affine
scheme (see Subsection 5.1), which is clearly not connected over Z. We will use the
following property of connected ind-schemes.
Proposition 5.23. Let X be a connected ind-scheme over R and let α : X → ZR be a
morphism of ind-schemes over R. Suppose that there exists an R-point x ∈ X(R) such
that α(x) = 0. Then α = 0.
Proof. Let φ ∈ O(ZR) be the characteristic function of the zero element, that is, φ equals
one on the component Spec(Z) ⊂ Z that corresponds to 0 ∈ Z(R) and φ equals zero on all
the other components. In particular, φ is an idempotent. The idempotent α∗(φ) ∈ O(X)
is the image of an idempotent e ∈ R, because X is connected over R. The idempotent
e ∈ R defines a decomposition R ≃ R1 × R2 such that the image of αR1 : XR1 → ZR1
in ZR1 is equal to zero and the image of αR2 : XR2 → ZR2 in ZR2 is contained in the
union of all components in Z except for the component of the zero element. If R2 is
non-zero, then x defines an R2-point x2 ∈ XR2(R2) such that αR2(x2) = 0, which gives a
contradiction. Therefore, R = R1, e = 1, and α = 0.
5.6 Density
Definition 5.24. An ind-closed subscheme X of an ind-affine scheme Y is dense if the
natural homomorphism of rings O(Y )→ O(X) is injective. An ind-closed subscheme X
of an ind-affine scheme Y is absolutely dense if for any ring R, we have that XR is dense
in YR.
Note that (absolute) density is not a relative with respect to a base notion, that
is, (absolute) density does not depend on a base ring over which given ind-schemes are
considered.
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If Y is an affine scheme, then an ind-closed subscheme X of Y is dense if and only if
there is no a closed affine subscheme Z ⊂ Y , Z 6= Y , such that X ⊂ Z. In particular,
given a closed embedding of affine schemes X ⊂ Y , we have that X is dense in Y if and
only if X = Y .
Lemma 5.25. An ind-closed subscheme X of an ind-affine scheme Y is absolutely dense
if and only if for any ind-scheme T and any affine scheme Z, the natural map
Hom(Y × T, Z) −→ Hom(X × T, Z) (29)
is injective.
Proof. The proof uses similar ideas as in the proof of Proposition 5.17.
Suppose that the map (29) is injective for all T and Z as above. Given a ring R,
put T = Spec(R) and Z = A1. Then the isomorphisms Hom(X × T, Z) ≃ O(XR) and
Hom(Y × T, Z) ≃ O(YR) imply that X is absolutely dense in Y .
Let us prove another implication. Using a closed embedding Z ⊂ AM for a set M , we
easily reduce the lemma to the case Z = A1. Let α, β : Y × T → A1 be two morphisms
of ind-schemes such that α 6= β. There is a ring R and an R-point x ∈ T (R) such that
the morphisms of ind-schemes over R
αR(−, x), βR(−, x) : YR −→ A1R
are note equal. Since X is absolutely dense in Y , the images of αR(−, x) and βR(−, x)
under the natural homomorphism of rings O(YR)→ O(XR) are also not equal. Therefore
the compositions of the initial morphisms α and β with the embedding X ⊂ Y are not
equal as well.
Example 5.26.
(i) Note that the group functor Nil is represented by the ind-affine scheme
Â1 ≃ “lim−→
n∈N
”Spec
(
Z[x]/(xn)
)
,
which is an ind-closed subscheme of the affine space A1 ≃ Spec(Z[x]) representing
the group functor Ga. We have that Nil is absolutely dense in Ga. Indeed, for any
ring R, the natural homomorphism of R-algebras
O((Ga)R) ≃ R[x] −→ O(NilR) ≃ R[[x]]
is injective. Similarly, for any natural number N , the ind-closed subscheme Nil×N
of the affine space (Ga)
×N ≃ AN is absolutely dense.
(ii) The group subfunctor 1+Nil ⊂ Gm is represented by an ind-closed subscheme ofGm
and is absolutely dense in it. Indeed, for any ring R, the natural homomorphism
of R-algebras
O((Gm)R) ≃ R[y, y−1] ≃ R[x, (1 + x)−1] −→ O((1 + Nil)R) ≃ R[[x]]
is injective, where y = 1 + x. Similarly, for any natural number N , the ind-closed
subscheme (1 + Nil)×N is absolutely dense in the affine scheme (Gm)
×N .
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The following proposition generalizes Example 5.26(i).
Proposition 5.27. Let E be a strict ind-set and let X ⊂ AE be an ind-closed sub-
scheme of the corresponding ind-affine space. Suppose that ÂEf ⊂ X (see Definitions 5.4
and 5.5). Then X is absolutely dense in AE.
Proof. We have embeddings of ind-closed subschemes in AE
ÂEf ⊂ X ⊂ AE ,
which induce homomorphisms of rings
O(AE) −→ O(X) −→ O(ÂEf ) ≃ Z[[E]] .
Since the composition of these homomorphisms is injective (see Remark 5.6), the first
homomorphism is injective as well, whence X is dense in AE. A similar argument applies
to the embedding XR ⊂ AER over an arbitrary ring R.
In particular, Proposition 5.27 implies that any thick ind-closed subscheme in AE
(see Definition 5.10) is absolutely dense in it.
6 Geometric properties of some iterated loop groups
6.1 Ordered product of strict ind-sets
We define an operation on strict ind-sets which allows us to treat representability of
iterated loop functors. Recall that given a strict ind-set E, we have the associated set E
(see Definition 5.4).
Definition 6.1. Given strict ind-sets E1 = “ lim−→
i1∈I1
”E1,i1 and E2 = “ lim−→
i2∈I2
”E2,i2 , their
ordered product E1 ∗ E2 is a strict ind-set given by the formula
E1 ∗ E2 := “lim−→
λ∈Λ
”(E1 ∗ E2)λ ,
where
Λ :=
{
(λ1, λ2) | λ1 : E2 → I1, λ2 ∈ I2
}
and for λ = (λ1, λ2) ∈ Λ, we put
(E1 ∗ E2)λ :=
{
(e1, e2) ∈ E1 ×E2 | e2 ∈ E2,λ2 , e1 ∈ E1,λ1(e2)
}
.
A partial order on Λ is defined by λ = (λ1, λ2) 6 λ
′ = (λ′1, λ
′
2) if and only if λ1 6 λ
′
1 and
λ2 6 λ
′
2, where the order on functions is defined point-wise, that is, λ1 6 λ
′
1 if and only
if λ1(e2) 6 λ
′
1(e2) for all e2 ∈ E2.
Note that E1 ∗ E2 = E1 ×E2, that is, the strict ind-set E1 ∗E2 is formed by subsets
of the set E1 × E2.
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Example 6.2.
(i) Let M be a set and let E = “lim−→
i∈I
”Ei be a strict ind-set. Then there are canonical
isomorphisms of strict ind-sets
M ∗ E ≃ “lim−→
i∈I
”M × Ei ,
E ∗M ≃ “lim−→
λ∈Λ
”(E ∗M)λ ,
where Λ :=
{
λ : M → I} and (E ∗M)λ :=
{
(e,m) ∈ E ×M | e ∈ Eλ(m)
}
.
(ii) If E1 and E2 are just sets, then by item (i), the ordered product E1 ∗E2 coincides
with the Cartesian product E1 × E2.
(iii) By U denote the one element set. Then by item (i), for any strict ind-set E, there
are canonical isomorphisms U ∗ E ≃ E ∗ U ≃ E.
Clearly, the ordered product is functorial with respect to isomorphisms of strict ind-
sets. One checks directly that the ordered product E1 ∗ E2 is functorial with respect to
morphisms of strict ind-sets for the first argument, that is, any morphism of strict ind-
sets E1 → E ′1 defines in a natural way a morphism of strict ind-sets E1 ∗ E2 → E ′1 ∗ E2.
Also, the ordered product E ∗M between a strict ind-set E and a set M is functorial
with respect to injective maps of sets, that is, an injective map of sets M → M ′ defines
in a natural way a morphism of strict ind-sets E ∗M → E ∗M ′.
Remark 6.3. One easily checks that for strict ind-sets E1 and E2, there is a canonical
isomorphism of strict ind-sets
E1 ∗ E2 ≃ lim−→
i2∈I2
E1 ∗ E2,i2 ,
where the limit in the right hand side is taken in the category of strict ind-sets.
However, the ordered product is not naturally functorial with respect to arbitrary
morphisms of strict ind-sets as the following example shows.
Example 6.4. Let I be a directed partially ordered set without a final element (in partic-
ular, I is infinite) and let E = “lim−→
i∈I
”Ei be a strict ind-set such that Ei 6= Ej for i 6= j. As
above, let U be the one element set. The unique map of sets I → U induces a projection
p : E × I → E × U ≃ E. We claim that the projection p does not extend to a morphism
of strict ind-sets from E ∗ I to E ∗U ≃ E. Indeed, let λ be the identical function from I
to itself. Then the subset (E ∗ I)λ of E × I (see Example 6.2(i)) is equal to{
(e, i) ∈ E × I | e ∈ Ei
}
.
In particular, (E ∗ I)λ maps surjectively to E under the projection p, while no Ei maps
surjectively to E for i ∈ I. Therefore there are no morphisms of ind-sets from E ∗I to E.
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The ordered product defines a monoidal structure on the category of strict ind-
sets with isomorphisms. In other words, given three strict ind-sets E1 = “ lim−→
i1∈I1
”E1,i1 ,
E2 = “ lim−→
i2∈I2
”E2,i2, and E3 = “ lim−→
i3∈I3
”E3,i3 , there is a functorial isomorphism
(E1 ∗ E2) ∗ E3 ≃ E1 ∗ (E2 ∗ E3)
that satisfies the standard coherence conditions (the unit object is the one element set U).
This holds because both (E1 ∗E2) ∗E3 and E1 ∗ (E2 ∗E3) are functorially isomorphic to
the strict ind-set “lim−→
δ∈∆
”(E1 ∗ E2 ∗ E3)δ, where
∆ :=
{
(δ1, δ2, δ3) | δ1 : E2 × E3 → I1, δ2 : E3 → I2, δ3 ∈ I3
}
,
and for δ = (δ1, δ2, δ3) ∈ ∆, we put
(E1∗E2∗E3)δ :=
{
(e1, e2, e3) ∈ E1×E2×E3 | e3 ∈ E3,δ3 , e2 ∈ E2,δ2(e3), e1 ∈ E1,δ1(e2,e3)
}
.
In particular, ordered powers of strict ind-sets are well-defined.
Example 6.5. Define the following strict ind-set:
D := “lim−→
m∈Z
”Z>−m ,
where Z>−m denotes the set of all integers l such that l > −m. Note that D = Z.
We use notation from Subsection 3.1. The n-th ordered power D∗n of D is canonically
isomorphic to the strict ind-set “ lim−→
λ∈Λn
”Znλ, where a partial order on Λn is defined as
follows:
λ = (λ1, . . . , λn) 6 λ
′ = (λ′1, . . . , λ
′
n)
if and only if λ1 > λ
′
1, . . . , λn > λ
′
n (note the reverse order). Also, we have thatD
∗n = Zn.
Note that the functor E 7→ E from the category of strict ind-sets with isomorphisms
to the category of sets is naturally monoidal, where we consider the ordered product of
strict ind-sets and the Cartesian product of sets.
We stress that the ordered product is not naturally commutative. More precisely,
the above monoidal functor E 7→ E is not symmetric, that is, given strict ind-sets E1
and E2, the canonical bijection E1 × E2 ≃ E2 × E1 does not necessarily extend to an
isomorphism of strict ind-sets between E1 ∗ E2 and E2 ∗ E1. For instance, this happens
for the case in Example 6.2(i) with general M and E or for the case E1 = E2 = D. This
non-commutativity motivates the term “ordered”.
6.2 Representability of loop functors
Let us discuss representability of loop functors (see Definition 4.1). Below, we consider
affine spaces over Z.
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The functor LA1 ≃ LGa is represented by an ind-affine space AD (see Subsection 5.3
and Example 6.5). Indeed, given a ring A, an A-point on AD is given by a collec-
tion (al)l∈Z, where al ∈ A and there is m ∈ Z such that al = 0 for l < −m. The
point (al)l∈Z corresponds to the Laurent series
∑
l∈Z
alt
l ∈ L(A).
Proposition 6.6.
(i) Given a strict ind-set E (see Definition 5.4), the functor LAE is represented by the
ind-affine space AD∗E (see Definition 6.1).
(ii) Let E be a strict ind-set and X ⊂ AE be an ind-closed subscheme. Then the
functor LX is represented by an ind-closed subscheme of AD∗E (cf. [39, § 1a]).
(iii) In notation of item (ii), if X is thick (respectively is an ind-cone) in AE, then LX
is thick (respectively, is an ind-cone) in AD∗E (see Definitions 5.7 and 5.10).
Proof. (i) One easily checks that the assignment F 7→ LF commutes with direct limits of
functors. Therefore, by Remark 6.3, we can assume that E is a set M and it is enough to
show an isomorphism LAM ≃ AD∗M . Given a ring A, an element from the set LAM(A)
is the same as a collection {fm}, m ∈M , of Laurent series from L(A). Clearly, such a
collection defines a function λ : M → Z and an A-point on the affine space A(D∗M)λ and
vice versa.
(ii) Similarly as in item (i), we can assume that X is a closed subscheme V of an
affine space AM , whereM is a set. Note that V is the fiber over the point (0, 0, 0, . . .) of a
morphism AM → AM ′, where M ′ is a set of equations of V in AM . Since the assignment
F 7→ LF commutes with fibred products of functors, we see by item (i) that LV is
the fiber over the point (0, 0, 0, . . .) of the corresponding morphism between ind-affine
spaces AD∗M → AD∗M ′. Hence the functor LV is represented by an ind-closed subscheme
of AD∗M .
(iii) Note that for Laurent series f1, . . . , fd, the coefficients of their product f1 · . . . ·fd
are degree d homogenous polynomials in coefficients of fi’s. This implies item (iii) for
being an ind-cone. Further, for any set M , we have an embedding AD∗M(d) ⊂ LAM(d) in
AD∗M ≃ LAM , which gives item (iii) for being thick.
Example 6.7. Applying Proposition 6.6(i) iteratively to A1, we obtain that LnA1 ≃ LnGa
is represented by the ind-affine space AD
∗n
(see Example 6.5). This can be also shown
directly using the isomorphisms
D∗n ≃ “ lim−→
λ∈Λn
”Znλ , D
∗n ≃ Zn ,
and the description of iterated Laurent series in Ln(A) = LnGa(A) for a ring A in terms
of the sets Znλ, λ ∈ Λn, given in Subsection 3.1.
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6.3 Representability of LnGm and its special subgroups
Let us show that the group functor LnGm, its group subfunctors (L
nGm)
0 and (LnGm)
♯
(see Definition 4.6), and the group functor (LnGa)
♯ (see Definition 4.8) are represented
by ind-affine schemes, which are close to be ind-flat over Z.
Let Zn>0 be the set of all elements l ∈ Zn such that l > 0 (see Subsection 4.2 for the
lexicographical order on Zn) and define a strict ind-setD∗n>0 := D
∗n∩Zn>0 (see Example 6.5
for the strict ind-set D∗n). Similarly, define the sets Zn>0, Z
n
<0, Z
n
60 and the strict ind-sets
D∗n>0, D
∗n
<0, D
∗n
60. Clearly, we have decompositions
Zn = Zn>0
∐
Zn60 , D
∗n = D∗n>0
∐
D∗n60 .
Proposition 6.8.
(i) The functor Vn,+ (see formula (16)) is represented by the ind-affine space A
D∗n>0
and the functor Vn,− (see formula (17)) is represented by a thick ind-cone in the
ind-affine space AD
∗n
<0.
(ii) The isomorphic functors (LnGm)
♯ ≃ (LnGa)♯ are represented by a thick ind-cone
in the ind-affine space AD
∗n ≃ LnGa (see Example 6.7).
(iii) The functors (LnGm)
0 and LnGm are represented by ind-affine schemes of
type X ×X ′, where X is a thick ind-cone in an ind-affine space over Z and X ′ is
an ind-affine scheme which is ind-flat over Z.
Proof. (i) The assertion for Vn,+ follows directly from its definition. Let us prove the
assertion for Vn,−. Recall that the functor Nil is represented by the ind-closed subscheme
of A1
Â1 ≃ “lim−→
d∈N
”Spec
(
Z[x]/(xd)
)
,
which is definitely a thick ind-cone in A1. By Proposition 6.6(iii) and Example 6.7, the
functor LnNil is represented by a thick ind-cone in the ind-affine space LnA1 ≃ AD∗n
over Z.
Further, define LnNil>0 as the intersection L
nNil ∩ AD∗n>0 between ind-closed sub-
schemes of AD
∗n ≃ LnGa, and similarly for LnNil<0. It follows from Remark 3.1 that
there is an equality
LnNil = LnNil>0 × LnNil<0
between ind-closed subschemes of AD
∗n
= AD
∗
>0 ×AD∗<0 . Now the required result follows
from Lemma 5.13 and the isomorphism of functors Vn,− ≃ LnNil<0.
(ii) By Definitions 4.6 and 4.8, we have the decompositions
(LnGm)
♯ ≃ Vn,− × (1 + Nil)× Vn,+ , (LnGa)♯ ≃ Vn,− × Nil× Vn,+ .
Also, we have the decomposition AD
∗n
= AD
∗n
<0 × A1 × AD∗n>0 , where A1 in the middle
corresponds to the element 0 ∈ Zn = D∗n. Thus we conclude by item (i) and Lemma 5.13.
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(iii) By Definition 4.6, we have the decomposition (LnGm)
0 ≃ Vn,− × Vn,+ ×Gm
and by Proposition 4.3, we have the decomposition LnGm ≃ Vn,− × Vn,+ ×Gm × Zn.
Clearly, the ind-affine space Vn,+ ≃ AD∗n>0 and the ind-affine scheme Z (see Subsection 5.1)
are ind-flat over Z. Hence the ind-affine scheme Vn,+ × Gm × Zn is ind-flat over Z as
well, which finishes the proof by item (i).
Remark 6.9.
(i) Propositions 6.8(i) and 5.11 imply that the ring of regular functions
O(Vn,−) ≃ A(Vn,−) is flat over Z, or, equivalently, is torsion free over Z, because
it is a subring of the ring of power series over Z. On the other hand, Proposi-
tion 6.8(i) fixes a presentation of Vn,− as an ind-affine scheme “lim−→
i∈I
”Xi, but the
rings O(Xi) are not flat over Z, see a discussion after [37, Lem. 3.4] (this flatness
fails already for the case n = 1).
(ii) It is an interesting open question whether the ind-affine scheme Vn,− is ind-flat
over Z, that is, whether there is another presentation “lim−→
j∈J
”Yj of Vn,− as an ind-
affine scheme such that all rings O(Yj), j ∈ J , are flat over Z (note that the answer
is positive for the case n = 1, see, e.g., [37, § 2]). This is the lack of an answer to
this question that motivated us to develop the theory of thick ind-cones.
Now we obtain a series of applications combining Proposition 6.8 with various prop-
erties of thick-ind cones from Section 5. Let N be a natural number. Consider the set
M :=
N∐
i=1
Zn and the corresponding set of formal variables xi,l, where 1 6 i 6 N , l ∈ Zn,
which are coordinates on the affine space AM (see Subsection 5.2). For short, by X
denote the ind-affine scheme
(
(LnGa)
♯
)×N
. Thus X is an ind-closed subscheme of the
affine space AM such that a collection of iterated Laurent series (f1, . . . , fN) cooresponds
to the point (ai,l), where fi =
∑
l∈ZN
ai,lt
l for 1 6 i 6 N .
Theorem 6.10. Let R ⊂ S be an embedding of rings. Consider a power series (see
Definition 5.1)
ϕ ∈ S[[xi,l; 1 6 i 6 N, l ∈ ZN ]]
and a regular function φ ∈ O(XR). Suppose that for any S-algebra A and any collection
of Laurent polynomials (not just series) f1, . . . , fN with nilpotent coefficients in A, there
is an equality
ϕ(f1, . . . , fN) = φ(f1, . . . , fN) ∈ A .
Then ϕ has coefficients in R, converges algebraically on XR (see Definition 5.2(iii)), and
goes to φ under the canonical homomorphism A(XR)→ O(XR) (see formula (24)).
Proof. Define a strict ind-set E :=
N∐
i=1
D∗n. By Proposition 6.8(ii) and Lemma 5.13,
X is a thick ind-cone in AE. By Lemma 5.14, XR is a thick ind-cone in A
E
R. Thus we
conclude by Proposition 5.16(ii).
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Remark 6.11. Combining Propositions 6.8(ii) and 5.15, one also obtains a higher-
dimensional generalization of [37, Prop. 3.7].
Theorem 6.12. Let R ⊂ S be an embedding of rings, Y be an ind-flat ind-affine scheme
over R, Z be an affine scheme over R, and N be a natural number. Then the natural
map
HomR
(
(LnGm)
×N
R × Y, Z
) −→ HomS((LnGm)×NS × YS, ZS)
is injective.
Proof. By Proposition 6.8(iii) and Lemma 5.13, the functor (LnGm)
×N is represented
by an ind-affine scheme of type X ×X ′, where X is a thick ind-cone in an ind-affine
space over Z and X ′ is an ind-flat ind-affine scheme over Z. By Lemma 5.14, the functor
(LnGm)
×N
R is represented by a similar ind-affine scheme over R. Thus we conclude by
Proposition 5.17.
Here are further geometric properties of LnGa and the special subgroups of L
nGm.
Proposition 6.13. Let N be a natural number.
(i) The ind-closed subscheme
(
(LnGa)
♯
)×N ⊂ (LnGa)×N is absolutely dense.
(ii) The ind-scheme
(
(LnGa)
♯
)×N
is absolutely connected over Z.
(iii) The ind-closed subscheme
(
(LnGm)
♯
)×N ⊂ ((LnGm)0)×N is absolutely dense.
(iv) The ind-schemes
(
(LnGm)
♯
)×N
and
(
(LnGm)
0
)×N
are absolutely connected over Z.
Proof. (i) The ind-closed subscheme (LnGa)
♯ in LnGa ≃ AD∗n contains the ind-closed
subscheme A(D
∗n)f (see Definition 5.4), because A(D
∗n)f corresponds to Laurent polyno-
mials with nilpotent coefficients. Thus by Proposition 5.27, (LnGa)
♯ is absolutely dense
in (LnGa). The case of an arbitrary N is treated similarly.
(ii) Clearly, the ind-closed subscheme (LnGa)
♯ in the ind-affine space LnGa ≃ AD∗n
is an ind-cone (see a discussion after Definition 5.7 or use Proposition 6.8(ii)). Thus we
conclude by Lemma 5.22.
(iii) Combine Definition 4.6 with Example 5.26(ii) and Lemma 5.25.
(iv) By item (iii), it is enough to prove that
(
(LnGm)
♯
)×N
is absolutely con-
nected over Z. This follows from item (ii) and the isomorphism of ind-schemes
(LnGm)
♯ ≃ (LnGa)♯.
Remark 6.14. All notions from Subsections 5.5 and 5.6 make sense when ind-schemes are
replaced just by functors (see Section 2). Moreover all statements from Subsections 5.5
and 5.6 still hold in this generality. Thus, in fact, Proposition 6.13 is based neither on
representability of iterated loop groups, nor on the theory of thick ind-cones.
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6.4 Tangent space to LnGm
Let us discuss the tangent space at the neutral element of the group ind-scheme LnGm.
In what follows we will also use tangent spaces to group functors, so we give a more
general definition. In the sequel, let ε be a formal variable that satisfies ε2 = 0.
Definition 6.15. Given a group functor F over a ring R (see Section 2), a tangent
space TF to F is a group functor over R defined by the formula
TF (A) := Ker
(
F
(
A[ε]
)→ F (A)) ,
where A is an R-algebra.
In particular, given a morphism of group functors Φ: F ′ → F over R, we have its
differential TΦ: TF ′ → TF , which is also a morphism of group functors over R.
Example 6.16.
(i) There is an isomorphism of group functors TGa
∼−→ Ga, a ε 7→ a, where a is an
element in a ring A.
(ii) There is an isomorphism of group functors TGm
∼−→ Ga, 1 + a ε 7→ a, where a is
an element in a ring A.
Lemma 6.17.
(i) For any group functor F , there is a canonical isomorphism of group functors
TLF ≃ LTF .
(ii) We have isomorphisms of group functors
T (LnGm)
♯ ≃ T (LnGm)0 ≃ TLnGm ≃ LnGa .
(iii) We have isomorphisms of group functors
T (LnGa)
♯ ≃ T (LnGa) ≃ LnGa .
Proof. Let A be a ring.
(i) We have an isomorphism of rings A[ε]((t)) ≃ A((t))[ε] (cf. Lemma 3.3(iii)). This
implies the following sequence of isomorphisms of groups
TLF (A) ≃ Ker(LF (A[ε])→ LF (A)) ≃ Ker(F (A[ε]((t)))→ F (A((t)))) ≃
≃ Ker(F (A((t))[ε])→ F (A((t)))) ≃ LTF (A) .
(ii) Let f ∈ TLnGm(A). Explicitly, we have that f ∈ Ker
(
LnGm(A[ε])→ LnGm(A)
)
.
Therefore all coefficients of f are nilpotent except for the constant term, which belongs
to 1+Aε ⊂ A[ε]∗. Lemma 4.7(iii) implies that f ∈ (LnGm)♯
(
A[ε]
)
. This proves the first
and the second isomorphisms in item (ii). To show the third isomorphism, use item (i)
and the isomorphism of group functors TGm ≃ Ga (see Example 6.16(ii)).
(iii) The proof is similar to item (ii).
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Remark 6.18. The first and the second isomorphisms in Lemma 6.17(ii) correspond to the
facts that (LnGm)
♯ is absolutely dense in (LnGm)
0 (see Proposition 6.13(iii)) and that the
quotient LnGm/(L
nGm)
0 ≃ Zn is discrete (see formula (22) in Subsection 4.3), respec-
tively. The first isomorphism in Lemma 6.17(iii) corresponds to the fact that (LnGa)
♯
is absolutely dense in LnGa (see Proposition 6.13(i)).
6.5 Characters of (LnGm)
0
Definition 6.19. Given a group functor F over a ring R, the group of characters of F
is defined by the formula X(F ) := HomgrR
(
F, (Gm)R
)
and the group of linear functionals
on F is defined by the formula X+(F ) := HomgrR
(
F, (Ga)R
)
.
Recall the following well-known facts.
Lemma 6.20.
(i) For any ring R of zero characteristic, there is an isomorphism of groups
R
∼−→ X+((Ga)R), r 7−→ (a 7→ ar), where a is an element in an R-algebra A.
(ii) For any ring R, there is an isomorphism of groups Z(R)
∼−→ X((Gm)R),
i 7−→ (a 7→ ai), where a is an invertible element in an R-algebra A.
(iii) For any Q-algebra R, there is an isomorphism of groups Nil(R)
∼−→ X((Ga)R),
r 7−→ (a 7→ exp(ar)), where a is an element in an R-algebra A. The inverse iso-
morphism sends a character χ : (Ga)R → (Gm)R to its differential (see item (i))
Tχ ∈ HomgrR
(
T (Ga)R, T (Gm)R
) ≃ HomgrR ((Ga)R, (Ga)R) ≃ R ,
which is necessarily a nilpotent element in R.
Proof. (i) A linear functional (Ga)R → (Ga)R is given by a polynomial f ∈ R[x] such
that f(0) = 0 and f(x+ y) = f(x) + f(y). Thus we conclude by the binomial theorem.
(ii) A character (Gm)R → (Gm)R is given by a Laurent polynomial f =
∑
i aix
i
in R[x, x−1]∗ such that f(1) = 1 and f(x) · f(y) = f(x · y). These identities immediately
imply that the coefficients ai are orthogonal idempotents in R and their sum is equal
to 1.
(iii) A character (Ga)R → (Gm)R is given by a polynomial f ∈ R[x]∗ such
that f(0) = 1 and f(x) · f(y) = f(x + y). Applying log, we get an equality
log(f)(x) + log(f)(y) = log(f)(x+ y) between power series in R[[x]]. Similarly as in
item (i), we obtain that log(f)(x) = rx for an element r ∈ R. Since f = exp ( log(f)) is
a polynomial, we see that r is nilpotent.
Proposition 6.21. Let R be a Q-algebra and let χ ∈ X((LnGm)♯R) be a character. Then
the subfunctor (see Lemma 6.17(ii))
(LnGa)
♯
R ⊂ (LnGa)R ≃ T (LnGm)♯R
40
is sent by Tχ to the subfunctor
NilR ⊂ (Ga)R ≃ T (Gm)R
and the following diagram commutes (see Proposition 4.9 for the map exp):
(LnGa)
♯
R
Tχ−−−→ NilR
exp
y expy
(LnGm)
♯
R
χ−−−→ (Gm)R .
Proof. Let A be an R-algebra and consider an iterated Laurent series g ∈ (LnGa)♯(A).
We obtain a character
κ : (Ga)A
g−→ (LnGa)♯A
exp−→ (LnGm)♯A
χ−→ (Gm)A ,
where the first morphism of group ind-schemes sends an element b from an A-algebra B
to the iterated Laurent series bg ∈ Ln(B). Thus we have that κ(b) = χ( exp(bg)) ∈ B∗.
Let us find the differential Tκ ∈ Nil(A) (see Example 6.16 and Lemma 6.20(i)).
Recall that by Example 6.16 and Lemma 6.17, we have isomorphisms
TGa ≃ Ga , T (LnGa)♯ ≃ LnGa , T (LnGm)♯ ≃ LnGa , TGm ≃ Ga .
It is easily seen that under these isomorphisms Tg corresponds to g and T exp cor-
responds to the identity morphism. Indeed, for any ring C and any iterated Lau-
rent series h ∈ LnGa(C), we have an equality exp(h ε) = 1 + h ε in LnGm
(
C[ε]
)
, where
ε2 = 0. It follows that the differential Tκ corresponds to the element (Tχ)(g) ∈ A. By
Lemma 6.20(iii) applied over the ring A, we see that the element (Tχ)(g) is nilpotent
and there is an equality κ(1) = exp
(
(Tχ)(g)
)
. On the other hand, κ(1) = χ
(
exp(g)
)
,
which proves the proposition.
Remark 6.22. Proposition 6.21 is a particular case of an algebraic version of the well-
known analytic statement that a homomorphism between Lie groups commutes with its
differential through the exponential map.
Proposition 6.23. Let R be a Q-algebra. Then the natural homomorphism of groups
X
(
(LnGm)
0
R
) −→ X+((LnGa)R) , χ 7−→ Tχ ,
is injective. In addition, for any character χ : (LnGm)
0
R → (Gm)R, an R-algebra A, and
an element f ∈ (LnGm)♯(A), there is an equality in A∗
χ(f) = exp(a) ,
where a nilpotent element a ∈ Nil(A) is defined by the equality in A[ε]∗
χ
(
1 + log(f) ε
)
= 1 + a ε .
Proof. By Proposition 6.13(iii) and Lemma 5.25, the restriction map
X
(
(LnGm)
0
R
) −→ X((LnGm)♯R)
is injective. Now we conclude by Propositions 4.9 and 6.21.
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6.6 Linear functionals on LnΩi
Define the following morphism of group functors:
∆ : LnGa −→ LnΩ1 , f 7−→ df −
n∑
i=1
∂f
∂ti
dti ,
where f ∈ LnGa(A) = Ln(A) for a ring A.
Lemma 6.24. Let R be a ring, Φ: (LnΩ1)R → A1R be a morphism of functors over R
(which does not necessarily respect the group structure), and let φ ∈ O((LnGa)R) be the
composition Φ◦∆R. Then for any R-algebra A and an iterated Laurent series f ∈ Ln(A),
there is an equality φ(f) = φ(0).
Proof. We use notation from Subsection 3.1. Recall from Example 6.7 that LnGa is repre-
sented by the ind-affine space AD
∗n ≃ “ lim−→
λ∈Λn
”AZ
n
λ . Let λ ∈ Λn be such that f ∈ AZnλ(A),
that is, we have that f =
∑
l∈Zn
λ
alt
l, where al ∈ A. The restriction of φ to the affine
space (AZ
n
λ)R over R is given by a polynomial φλ ∈ R[Znλ]. Let T ⊂ Znλ be a finite subset
such that the polynomial φλ depends only on variables that correspond to elements in T .
Let f ′ =
∑
l∈Zn
λ
a′lt
l be a Laurent polynomial such that a′l = al if l ∈ T and a′l = 0 if l /∈ T .
By construction, we have that φ(f) = φ(f ′). On the other hand, one easily checks that
∆(f ′) = ∆(0) = 0, whence φ(f ′) = φ(0). This finishes the proof.
For an integer i > 0, by L˜nΩi denote the group functor that sends a ring A to Ω˜iLn(A)
(see Definition 3.10). Note that we have a canonical morphism of group functors
LnΩi → L˜nΩi.
Proposition 6.25. For any ring R and an integer i > 0, the natural homomorphism of
groups
X+
(
(L˜nΩi)R
) −→ X+((LnΩi)R)
is an isomorphism.
Proof. This follows directly from Definition 3.10 and Lemma 6.24.
7 Auxiliary results from algebraic K-theory
Let m > 0 be an integer.
7.1 Milnor K-groups and algebraic K-groups
We will use the following version of Milnor K-groups for rings.
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Definition 7.1. The m-th Milnor K-group KMm (A) of a ring A is the quotient group of
the group (A∗)⊗m by the subgroup generated by all elements of type
a1 ⊗ . . .⊗ ai ⊗ a⊗ (1− a)⊗ ai+3 ⊗ . . .⊗ am , (30)
which are called Steinberg relations.
Notice that in tensor (30), the multiples a and 1 − a come one after another. As
usual, we denote by {a1, . . . , am} and we call a symbol the class in KMm (A) of a tensor
a1 ⊗ . . .⊗ am, ai ∈ R∗.
Clearly, KMm is a group functor (see Section 2). By Ω
m denote the group functor that
sends a ring A to the group of m-th absolute Ka¨hler differentials ΩmA . It is easily checked
that there is a morphism of group functors
d log : KMm −→ Ωm , {a1, . . . , am} 7−→
da1
a1
∧ . . . ∧ dam
am
.
We also have algebraic K-groups Km(A), m > 0, which are functorial with respect
to A. There are canonical decompositions of group functors
K0 ≃ Z× K˜0 , K1 ≃ Gm × SK1 .
Let rk: K0 → Z and det : K1 → Gm be the corresponding projections. Explicitly, they
are defined by taking the rank of a finitely generated projective module and by taking
the determinant of a matrix, respectively.
Loday [30] constructed a graded-commutative product between algebraic K-groups,
which is functorial with respect to A:
Ki(A)⊗Z Kj(A) −→ Ki+j(A) , α⊗ β 7−→ α · β , i, j > 0 .
The Loday product between the group subfunctors Gm ⊂ K1 factors through the Milnor
K-groups (see, e.g., [43, §§ 1, 2]), that is, we have a morphism of group functors
KMm −→ Km , {a1, . . . , am} 7−→ a1 · . . . · am ,
where ai ∈ A∗ for a ring A.
7.2 Tangent space to Milnor K-groups
Let us state the main result in [20]. First recall some notions from op.cit. Let ε be a
formal variable that satisfies ε2 = 0. See Definition 6.15 for the tangent space TF to a
group functor F .
Example 7.2. For any ring A, we have that d(ε2) = 2εdε = 0 in Ω1A[ε] and a calculation
shows that there is an isomorphism of A-modules
TΩm+1(A) ≃ (εΩm+1A )⊕ (dε ∧ ΩmA )⊕ ((εdε ∧ ΩmA )/2(εdε ∧ ΩmA )) . (31)
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Following a construction of Bloch [6], we give the following definition.
Definition 7.3. Let
Bl : TKMm+1 −→ Ωm
be the composition of the morphism of group functors T (d log) : TKMm+1 → TΩm+1 and
the projection to the direct summand Ωm ≃ dε ∧ Ωm in decomposition (31).
For instance, given a collection of invertible elements a1, . . . , am ∈ A∗ and an ele-
ment b ∈ A, the map Bl sends the symbol {1 + b ε, a1, . . . , am} to the differential form
b da1
a1
∧ . . . ∧ dam
am
.
It turns out that the homomorphism of groups Bl : TKMm+1(A) → ΩmA is an isomor-
phism when a ring A has sufficiently many invertible elements in the following sense (see
Definition 3.1 from the paper of Morrow [31]).
Definition 7.4. Given a natural number k > 2, a ring A is called weakly k-fold stable
if for any collection of elements a1, . . . , ak−1 ∈ A, there is an invertible element a ∈ A∗
such that the elements a1 + a, . . . , ak−1 + a are invertible in A.
Remark 7.5. For any ring A, the ring of Laurent series L(A) = A((t)) is weakly k-fold
stable for all k > 2. Actually, an invertible element a in Definition 7.4 can be taken of
the form ti for a suitable i ∈ Z.
For the following result see [20, Theor. 2.9] (see also Example 6.16(ii) for the case
m = 0).
Theorem 7.6. Let A be a weakly 5-fold stable ring such that 1
2
∈ A. Then for any m > 0,
the homomorphism Bl : TKMm+1(A)→ ΩmA is an isomorphism.
Combining Remark 7.5, Theorem 7.6, and Lemma 6.17(i), we obtain the following
isomorphism, which is crucial for our main results.
Proposition 7.7. There is an isomorphism of group functors
(TLnKMm+1)Z[ 1
2
]
∼−→ (LnΩm)Z[ 1
2
] .
For any Z[1
2
]-algebra A, a collection f1, . . . , fm ∈ L(A)∗ of invertible iterated Laurent
series, and an element g ∈ Ln(A), this isomorphism sends a symbol {1+ g ε, f1, . . . , fm}
to the differential form g df1
f1
∧ . . . ∧ dfm
fm
.
We will also use the following fact about Milnor K-groups, which is proved in [31,
Lem. 3.6] with a method of Nesterenko and Suslin from [34, Lem. 3.2] (see also Lemma 2.2
from the paper of Kerz [26] and [20, Lem. 3.5]).
Lemma 7.8. Let A be a weakly 5-fold stable ring. Then for all elements a, b ∈ A∗, there
are equalities in KM2 (A)
{a, b} = −{b, a} , {a, a} = {−1, a} .
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7.3 Boundary map for algebraic K-groups
Let A be an arbitrary ring. We recall the construction of a boundary map (see below for
the corresponding references)
∂m+1 : Km+1
(
A((t))
) −→ Km(A) .
We show that the map ∂m+1 is functorial with respect to A, that is, ∂m+1 is a morphism
of group functors from LKm+1 to Km (see Definition 4.1). Explicitly, this means that
for any homomorphism of rings A→ B, the following diagram is commutative:
Km+1
(
A((t))
) ∂m+1,A−−−−→ Km(A)y y
Km+1
(
B((t))
) ∂m+1,B−−−−→ Km(B) ,
where we use the indices “A” and “B” in order to specify the maps ∂m+1 for the corre-
sponding rings.
Let H(A) be the exact category of A[[t]]-modules that admit a resolution of
length one by finitely generated projective A[[t]]-modules and are annihilated by a
power of the element t. A result of Gersten [18] implies the existence of a bound-
ary map ∂˜m+1 : Km+1
(
A((t))
)→ Km(H(A)). Gersten’s result was later generalized by
Grayson [21] (for a more detailed exposition see [43, Theor. 9.1]). In order to show
functoriality of ∂˜m+1, we use the construction from [21], which we explain below.
Remark 7.9. A resolution of a module in H(A) is an example of a perfect complex of
R[[t]]-modules with support on the closed subscheme Spec(A) ⊂ Spec(A[[t]]) given by
the equation t = 0. Perfect complexes of this type are crucial in the work of Thomason–
Trobaugh [44]. Results of the latter paper are used by Musicantov and Yom Din [33, § 4.1]
in order to compare the boundary map for K-groups in low degrees with the valuation,
the tame symbol, and the residue map when A is a field.
Let us introduce some more notation. Given a ring R, let P(R) be the exact
category of finitely generated projective R-modules and let P1(R) be the exact cat-
egory of R-modules that admit a resolution of length one by finitely generated pro-
jective R-modules. Let V(A) be the exact category of finitely generated projective
A((t))-modules that are localizations of finitely generated projective A[[t]]-modules.
Let V1(A) be the exact category of A((t))-modules that admit a resolution of length one
by A((t))-modules in V(A). By BQ denote the classifying space of the Q-construction of
an exact category.
By Quillen’s resolution theorem [42, § 4, Theor. 3, Cor. 1], the embedding of exact
categories V(A)→ V1(A) induces a homotopy equivalence BQV(A)→ BQV1(A), whence
we obtain isomorphisms of K-groups
Km
(V(A)) ≃ Km(V1(A)) .
Note that all exact sequences in the category P(A((t))) split. Besides, the subcat-
egory V(A) is cofinal in P(A((t))). In other words, any module in P(A((t))) is a
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direct summand of a module in V(A), being a direct summand of a finitely gener-
ated free A((t))-module. Therefore by [18, Prop. 1.1, 1.3], the corresponding map
BQV(A)→ BQP(A((t))) is homotopy equivalent to a covering and we obtain isomor-
phisms of K-groups
Km
(V(A)) ≃ Km(A((t))) , m > 1 .
(The map K0
(V(A)) → K0(A((t))) is injective but not surjective in general.) Finally,
consider the following diagram of exact categories:
H(A) −→ P1(A[[t]]) −→ V1(A) . (32)
The point is that (32) induces a homotopy fibration
BQH(A) −→ BQP1(A[[t]]) −→ BQV1(A) .
This statement is essentially “the Localization Theorem for projective modules” in [21]
and follows from the beginning and the end of the proof of this theorem. Consequently we
obtain a long exact sequence of homotopy groups and, in particular, we get a boundary
mapKm+1
(V1(A))→ Km(H(A)). Applying the above isomorphisms between K-groups,
we obtain the map
∂˜m+1 : Km+1
(
A((t))
) −→ Km(H(A)) .
We need the following simple lemma.
Lemma 7.10. Given a homomorphism of rings A → B, for any A[[t]]-module M
in H(A), we have that TorA[[t]]1
(
M,B[[t]]
)
= 0.
Proof. Let
0 −→ P α−→ Q −→ M −→ 0
be a resolution of M by finitely generated projective A[[t]]-module. We need to show
that the map
α′ := α⊗A[[t]] B[[t]] : P ⊗A[[t]] B[[t]] −→ Q⊗A[[t]] B[[t]]
is injective. Since M is annihilated by a power of t, the map α ⊗A[[t]] A((t)) is an
isomorphism, whence the map α ⊗A[[t]] B((t)) = α′ ⊗B[[t]] B((t)) is an isomorphism as
well. Therefore all elements in the B[[t]]-module Ker(α′) are annihilated by powers of t.
On the other hand, Ker(α′) is a submodule of the projective B[[t]]-module P ⊗A[[t]]B[[t]]
and t is not a zero divisor in the ring B[[t]]. Therefore, Ker(α′) = 0.
Proposition 7.11. The map ∂˜m+1 : Km+1
(
A((t))
) → Km(H(A)) is functorial with re-
spect to a ring A.
Proof. We use Kato’s idea from the proof of [24, § 2.1, Lem. 2]. Observe that the second
and the third categories in diagram (32) are not functorial with respect to A. To over-
come this, we define auxiliary exact subcategories. Let ϕ : A→ B be a homomorphism
of rings. Let P1ϕ
(
A[[t]]
)
be the exact category of A[[t]]-modulesM in P1(A[[t]]) such that
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Tor
A[[t]]
1
(
M,B[[t]]
)
= 0. Similarly, let V1ϕ(A) be the exact category of A((t))-modules N
in V1(A) such that TorA((t))1
(
N,B((t))
)
= 0. Lemma 7.10 asserts that H(A) is a subcat-
egory in P1ϕ
(
A[[t]]
)
. Thus we have the following diagram of exact categories with arrows
being exact functors:
H(A) −−−→ P1(A[[t]]) −−−→ V1(A)x x x
H(A) −−−→ P1ϕ
(
A[[t]]
) −−−→ V1ϕ(A)y y y
H(B) −−−→ P1(B[[t]]) −−−→ V1(B)
By Quillen’s resolution theorem, the up going arrows in this diagram induce homotopy
equivalences between the corresponding BQ-spaces. Therefore by functoriality of the
boundary map in a long exact sequence of homotopy groups, we obtain functoriality for
the map ∂˜m+1.
Now let us construct a map from Km
(H(A)) to Km(A). The second named author
and Zhu proved in [37, Prop. 7.1] that any A[[t]]-module in the category H(A) is a finitely
generated projective A-module (cf. [17, § 3.3] and [24, § 2.1, Lem. 1]). Thus we have an
exact functor H(A)→ P(A), which induces maps between K-groups
Im : Km
(H(A)) −→ Km(A) .
Let us make the following side remark.
Remark 7.12. The exact category H(A) is equivalent to the exact category Nil(A)
from [21, p. 236], whose objects are pairs (M, f), where M is a finitely generated projec-
tive A-module and f is a nilpotent endomorphism of M . Indeed, if an A[[t]]-module M
is in the category H(A), then, as mentioned above, M is a finitely generated projective
A-module and, by definition, t acts on M as a nilpotent endomorphism. Conversely, for
any pair (M, f) as above, we have an exact sequence of A[[t]]-modules
0 −→M [[t]] α−→ M [[t]] β−→Mf −→ 0 ,
where Mf is an A[[t]]-module M with t acting as f and we put
α
(∑
l>0
alt
l
)
:=
∑
l>0
(
al−1 − f(al)
)
tl , β
(∑
l>0
blt
l
)
:=
∑
l>0
f l(bl) ,
where we put a−1 := 0. Note that if β
(∑
l>0
blt
l
)
= 0, then
∑
l>0
blt
l = α
(∑
l>0
alt
l
)
, where
al =
∑
j>0
f j(bl+j+1) for any integer l > 0. Since f is nilpotent, the A[[t]]-module Mf is
from H(A).
We need the following simple lemma.
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Lemma 7.13. Let A→ B be a homomorphism of rings and letM be a module over A[[t]]
such that tl·M = 0 for some integer l > 0. Then the natural homomorphism of B-modules
M ⊗A B →M ⊗A[[t]] B[[t]] is an isomorphism.
Proof. Define an A[[t]]-module T := A[[t]]/tlA[[t]]. Then the lemma holds for T , that is,
the natural homomorphism of B-modules
T ⊗A B −→ T ⊗A[[t]] B[[t]]
is an isomorphism. Indeed, both B-modules are isomorphic to the B-module
B[[t]]/tlB[[t]]. To prove the lemma in the general case, we take the composition of
the following isomorphisms of B-modules:
M ⊗A B ∼−→ (M ⊗A[[t]] T )⊗A B ∼−→M ⊗A[[t]] (T ⊗A B) ∼−→
∼−→ M ⊗A[[t]] (T ⊗A[[t]] B[[t]]) ∼−→ (M ⊗A[[t]] T )⊗A[[t]] B[[t]] ∼−→M ⊗A[[t]] B[[t]] .
Lemma 7.13 directly implies that the map Im is functorial with respect to A.
Finally, define a boundary map for algebraic K-groups by the formula
∂m+1 := Im ◦ ∂˜m+1 : Km+1
(
A((t))
) −→ Km(A) . (33)
Combining functoriality of Im together with functoriality of ∂˜m+1 given by Proposi-
tion 7.11, we obtain the following important result.
Proposition 7.14. The boundary map ∂m+1 is a morphism of group functors
from LKm+1 to Km.
We will also need the following special property of the map ∂m+1. By
λm : Km
(
A[[t]]
) → Km(A((t))) denote the map induced by the homomorphism of rings
A[[t]] → A((t)). By α 7→ α¯ denote the map Km
(
A[[t]]
) → Km(A) induced by the ho-
momorphism of rings A[[t]]→ A[[t]]/(t) ≃ A. It follows from [24, § 2.4, Prop. 5] that for
any element α ∈ Km
(
A[[t]]
)
, there is an equality in Km(A)
∂m+1
(
λm(α) · t
)
= α¯ , (34)
where we consider t as an element in K1
(
A((t))
)
. In particular, we have that ∂1(t) = 1,
where we consider 1 as an element in K0(A).
8 Main results
For short, we will use the following expression: given two sets P , Q, and a map α : P → Q,
we say that “an element p ∈ P is uniquely determined by the element α(p) ∈ Q” if we
have that α−1
(
α(p)
)
= {p}. Thus the map α is injective if and only if this condition
holds for any element p ∈ P . In the situations that follow, the sets P , Q, and the map α
will be clear from the context and they will not be mentioned explicitly.
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8.1 Additive symbol
First we discuss a simpler version of what we shall do later for the Contou-Carre`re
symbol. The general plan in this simpler case is quite similar to that in the case of the
Contou-Carre`re symbol.
Definition 8.1. An additive symbol νn is the following composition of morphisms of
group functors (see formula (33) and Proposition 7.14):
νn : L
nKMn −−−→ LnKn ∂1·...·∂n−−−−→ K0 rk−−−→ Z .
It turns out that all morphisms of group functors from LnKMn to Z can be described
explicitly as follows. The symbol {t1, . . . , tn} defines a morphism of group functors
Ξ : Z −→ LnKMn , i 7−→ i · {t1, . . . , tn} .
Note that for any ring R, there is an isomorphism of groups HomgrR (ZR,ZR) ≃ Z(R).
Proposition 8.2. For any ring R, the natural homomorphism
Ξ∗R : Hom
gr
R
(
(LnKMn )R,ZR
) −→ Z(R) , Φ7−→Φ ◦ ΞR ,
is an isomorphism.
Before we give a proof of Proposition 8.2, let us discuss some of its corollaries. Ex-
plicitly, Proposition 8.2 means the following: suppose that the values of two morphisms
of group functors Φ,Φ′ : (LnKMn )R → ZR coincide at the symbol {t1, . . . , tn}. Then we
have that Φ = Φ′.
By formula (34) in Subsection 7.3, for any ring A, there is an equality
νn{t1, . . . , tn} = 1 in Z(A). Hence there is an equality
Ξ∗(νn) = 1 ∈ Z(Z) = Z . (35)
Thus Proposition 8.2 implies the following universal property of the additive symbol νn:
for any morphism of group functors Φ: (LnKMn )R → ZR, there is a locally constant
integer i ∈ Z(R) such that Φ = i · νn.
Now let us give the proof of Proposition 8.2, which is based on the absolute connect-
edness of (LnGm)
0 over Z (see Proposition 6.13(iv)).
Proof of Proposition 8.2. Formula (35) implies that the homomorphism Ξ∗R is surjective.
Thus we need to show that Ξ∗R is injective. In other words, given a morphism of group
functors Φ: (LnKMn )R → ZR, we need to show that Φ is uniquely determined by the
composition Φ ◦ ΞR.
Consider the following composition of morphisms of functors:
Φ˜ : (LnGm)
×n
R −→ (LnKMn )R Φ−→ ZR ,
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where the first morphism sends a collection of invertible iterated Laurent series
(f1, . . . , fn) to the symbol {f1, . . . , fn}. Clearly, Φ is uniquely determined by Φ˜.
Actually, Φ˜ is a morphism of ind-schemes over R. For any R-algebra A, a collection
f2, . . . , fn ∈ LnGm(A) defines a morphism of ind-schemes over A
α : (LnGm)
0
A −→ ZA , f 7−→ Φ˜(f, f2, . . . , fn) .
By Proposition 6.13(iv), the ind-scheme (LnGm)
0 is absolutely connected over Z. Thus
by Proposition 5.23, the morphism α is equal to zero. Hence the restriction of Φ˜ to the
ind-closed subscheme (LnGm)
0
R × (LnGm)×(n−1)R is equal to zero as well.
By Remark 7.5 and Lemma 7.8, symbols in LnKMn (A) = K
M
n
(Ln(A)) are antisym-
metric. Thus we obtain that Φ˜ factors through the composition of morphisms
(LnGm)
×n
R
ν×n−→ (ZnR)×n det−→ ZR , (36)
because by Definition 4.6, there is an isomorphism ν : LnGm/(L
nGm)
0 ∼−→ Zn. Here for
any ring A, we consider elements in Zn(A) as columns with (locally constant) integral
entries and elements in (Zn)×n(A) as (n × n)-matrices with (locally constant) integral
entries.
We obtain that Φ˜ is uniquely determined by its value at the collection (t1, . . . , tn), be-
cause this collection is sent to 1 ∈ ZR(R) under the above composition of morphisms (36).
This proves the proposition.
Note that in the course of the proof of Proposition 8.2 we have also obtained an
explicit formula for the additive symbol νn. Namely, for any ring A and a collection
f1, . . . , fn ∈ LnGm(A) of invertible iterated Laurent series, there is an equality
νn{f1, . . . , fn} = det
(
ν(f1), . . . , ν(fn)
)
. (37)
Indeed, the proof of Proposition 8.2 implies that the generator of the cyclic group
HomgrR
(
(LnKMn )R,ZR
) ≃ Z is given by the right hand side of formula (37). On the
other hand, as noticed before the proof, νn is this generator.
Actually, one can define the morphism of group functors νn : L
nKMn → Z explicitly
just by the right hand side of formula (37), not using the boundary map forK-groups and
connectedness of (LnGm)
0. When following this approach, one needs to check directly
the Steinberg relations, which is done explicitly as follows.
Lemma 8.3. Let A be a ring and let f1, . . . , fn ∈ LnGm(A) be a collection of in-
vertible iterated Laurent series such that f1 + f2 = 1. Then there is an equality
det
(
ν(f1), . . . , ν(fn)
)
= 0.
Proof. Changing the ring A if needed, without loss of generality, we may assume
that ν(f1) and ν(1 − f1) belong to the subgroup Zn ⊂ Z(A)n. Further, we can assume
that ν(f1) 6= 0 (otherwise, there is nothing to prove). If ν(f1) > 0, then ν(1 − f1) = 0
and if ν(f1) < 0, then ν(f1) = ν(1− f1) (see Proposition 4.3 and Example 4.5(i)). This
proves the lemma.
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Let us mention one more property of the right hand side of formula (37), which we
will use later. We have a natural morphism of group functors ζ : Z → Ga. Note that if
a ring A has positive characteristic, then the map ζ : Z(A)→ A is not injective.
Proposition 8.4. For any ring A and a collection f1, . . . , fn ∈ LnGm(A) of invertible
iterated Laurent series, there is an equality in A
ζ
(
det
(
ν(f1), . . . , ν(fn)
))
= res
(
df1
f1
∧ . . . ∧ dfn
fn
)
. (38)
Proof. Both sides of formula (38) define morphisms of ind-schemes from (LnGm)
×n to Ga.
Therefore by Theorem 6.12 applied to R = Z and S = Q, it is enough to prove the
proposition when A is a Q-algebra, which we assume from now on.
Both sides of formula (38) are multilinear alternating maps. Therefore we can assume
that fi belong to subgroups of L
nGm(A) from decomposition (22) in Subsection 4.3. The
case f1 ∈ Gm(A) is trivial. Suppose that f1 ∈ (LnGm)♯(A). Then by Definition 4.6, we
have that ν(f1) = 0 and thus, ζ
(
det
(
ν(f1), . . . , ν(fn)
))
= 0. On the other hand, using
Lemmas 3.11(i) and 3.12, we obtain the equalities
res
(
df1
f1
∧ . . . ∧ dfn
fn
)
= res
(
d
(
log(f1)
df2
f2
∧ . . . ∧ dfn
fn
))
= 0 .
It remains to consider the case when all fi are from the subgroup Z
n(A) ⊂ LnGm(A).
By multilinearity and the alternating property, it is enough to consider the case
f1 = t1, . . . , fn = tn. Clearly, we have the equalities
ζ
(
det
(
ν(t1), . . . , ν(tn)
))
= 1 = res
(
dt1
t1
∧ . . . ∧ dtn
tn
)
,
which finishes the proof.
Remark 8.5. When n = 2 and A is a Q-algebra, Proposition 8.4 coincides with [37,
Lem. 4.1].
8.2 Contou-Carre`re symbol
Here is our main object of study.
Definition 8.6. A Contou-Carre`re symbol CCn is the following composition of mor-
phisms of group functors (see formula (33) and Proposition 7.14):
CCn : L
nKMn+1 −−−→ LnKn+1
∂2·...·∂n+1−−−−−−→ K1 det−−−→ Gm . (39)
Thus CCn is a character of the group functor L
nKMn+1. In particular, for any ring A,
we have a homomorphism of groups, which we denote similarly
CCn : K
M
n+1
(
A((t1)) . . . ((tn))
) −→ A∗ .
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It turns out that all characters of LnKMn+1 can described explicitly as follows. Define a
morphism of group functors
Θ : Gm −→ LnKMn+1 , a 7−→ {a, t1, . . . , tn} ,
where a ∈ A∗ for a ring A. Recall that for any ring R, there is an isomorphism of groups
X
(
(Gm)R
) ≃ Z(R) (see Definition 6.19 and Lemma 6.20(ii)).
A ring R is said to be torsion free over Z if R has no torsion as a Z-module or,
equivalently, if the natural homomorphism of rings R→ R⊗ZQ is injective. In particular,
if this holds, then the natural homomorphism of rings Z→ R is also injective (however,
the latter condition is not equivalent to being torsion free over Z). Note that R is torsion
free over Z if and only if R is flat over Z.
Theorem 8.7. Suppose that a ring R is torsion free over Z. Then the natural homo-
morphism of groups
Θ∗R : X
(
(LnKMn+1)R
) −→ Z(R) , Φ 7−→ Φ ◦ΘR ,
is an isomorphism.
Theorem 8.7 is proved in Subsection 8.3 below. Combining Theorem 8.7 with the
theory of thick ind-cones (Theorem 6.12), we obtain the following explicit result.
Corollary 8.8. Let
Ψ,Ψ′ : (LnGm)
×(n+1)
R −→ (Gm)R
be multilinear morphisms of functors over a ring R. Suppose the following conditions:
(i) There is an R-algebra A0 and an element a0 ∈ A∗0 such that a0 is not a root of unit
and there is an equality Ψ{a0, t1, . . . , tn} = Ψ′{a0, t1, . . . , tn} in A∗0.
(ii) There is an embedding of rings R ⊂ S such that S is torsion free over
Z and the morphisms of functors ΨS and Ψ
′
S satisfy the Steinberg rela-
tions, that is, ΨS and Ψ
′
S are compositions of the natural multilinear mor-
phism of functors (LnGm)
×(n+1)
S → (LnKMn+1)S with morphisms of group functors
ΦS,Φ
′
S : (L
nKMn+1)S → (Gm)S.
Then we have that Ψ = Ψ′.
Proof. Define a morphism of group functors
Γ : Gm −→ (LnGm)×(n+1) , a 7−→ (a, t1, . . . , tn) ,
where a ∈ A∗ for a ring A. Condition (i) implies the equality Ψ ◦ ΓR = Ψ′ ◦ ΓR between
the endomorphisms of (Gm)R. Using condition (ii) and taking the extension of scalars
from R to S, we obtain the equality ΦS ◦ ΘS = Φ′S ◦ ΘS. By Theorem 8.7 applied over
the ring S, we see that ΦS = Φ
′
S. This directly implies that ΨS = Ψ
′
S. Finally, by
Theorem 6.12, we get the required equality Ψ = Ψ′.
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Remark 8.9. By formula (34) in Subsection 7.3, for any ring A and an element a ∈ A∗,
there is an equality CCn{a, t1, . . . , tn} = a in A∗. Hence there is an equality
Θ∗(CCn) = 1 ∈ Z(Z) = Z .
Theorem 8.7 with Remark 8.9 imply the following universal property of the Contou-
Carre`re symbol.
Theorem 8.10. Suppose that a ring R is torsion free over Z. Then for any morphism
of group functors Φ: (LnKMn+1)R → (Gm)R, there is a locally constant integer i ∈ Z(R)
such that Φ = (CCn)
i.
Let us make a remark concerning another definitions of the Contou-Carre`re symbol.
For simplicity, below we consider various multilinear morphisms to Gm up to taking the
inverse.
Remark 8.11.
(i) The classical one-dimensional symbol was constructed by Contou-Carre`re himself
in [12] as an unexplicitly defined bilinear morphism of functors (LGm)
×2 → Gm.
Also, it was given in [12] an explicit formula for the one-dimensional symbol over
Q-algebras. Another, but equivalent, explicit formula over Q-algebras was given by
Deligne [14, § 2.9]. Beilinson, Bloch, and Esnault constructed in [5, § 3.1] a bilinear
morphism of functors (LGm)
×2 → Gm by using the commutator in a super central
extension of the group functor LGm. It was shown in [5, Prop. 3.3] that this mor-
phism coincides with the Contou-Carre`re symbol. Independently of the work [5],
Anderson and Pablos Romo [1] studied in a similar way a particular case for Laurent
series over Artinian rings. It was shown in [37, Theor. 7.2] that the one-dimensional
Contou-Carre`re symbol is equal to the symbol from Definition 8.6 with n = 1. This
fact can be proved differently by using Corollary 8.8 and Remark 8.9. With this ap-
proach, one also needs to check that the classical one-dimensional Contou-Carre`re
symbol satisfies the Steinberg relations for Laurent series over Q-algebras, which
can be done explicitly as in the proof of Proposition 8.25 below.
(ii) In [37, Def. 3.4] it was defined by an explicit formula a multilinear morphism of
functors (L2Gm)
×3
Q → (Gm)Q on the category of Q-algebras. Besides, in [37, § 5.3] it
was defined a multilinear morphism of functors (L2Gm)
×3 → Gm using a commuta-
tor in a central extension of L2Gm by a Picard category. The equality between this
morphism and the above morphism over Q-algebras was proved in [37, Theor. 5.9].
The equality between these morphisms and the symbol from Definition 8.6 with
n = 2 was proved in [37, Theor. 7.2]. Similarly, as in item (i), this equality can be
also proved by using Corollary 8.8, Remark 8.9, and the Steinberg property from
Proposition 8.25 below.
(iii) Braunling, Groechenig, and Wolfson constructed in [10, Def. 4.9] a multilinear mor-
phism of functors (·, . . . , ·) : (LnGm)×(n+1) → Gm using a commutator in a spectral
extension of LnGm from their previous work [9]. It follows from the construction
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that the morphism (·, . . . , ·) satisfies the Steinberg relations. Thus Corollary 8.8
and Remark 8.9 imply that (·, . . . , ·) is equal to the higher Contou-Carre`re sym-
bol CCn as defined in the present paper (see Definition 8.6).
8.3 Proof of Theorem 8.7
In this subsection we prove Theorem 8.7. We will uses several auxiliary results. In what
follows R is a ring and
Φ : (LnKMn+1)R −→ (Gm)R
is a character. Define the composition of morphisms of functors
Φ˜ : (LnGm)
×(n+1)
R −→ (LnKn+1M )R Φ−→ (Gm)R ,
where the first morphism sends a collection of invertible iterated Laurent series
(f1, . . . , fn+1) to the symbol {f1, . . . , fn+1}. Actually, Φ˜ is a morphism of ind-affine
schemes.
The following result is based on the theory of thick ind-cones (see Proposition 5.17
and Theorem 6.12).
Lemma 8.12. Suppose that a ring R is torsion free over Z. Then any char-
acter Φ as above is uniquely determined by the morphism of group functors
ΦS : (L
nKMn+1)S → (Gm)S over S, where S := R⊗Z Q.
Proof. Clearly, Φ is uniquely determined by Φ˜. Since R is torsion free over Z, the natural
homomorphism of rings R→ S is injective. Therefore by Theorem 6.12, the morphism of
functors Φ˜ is uniquely determined by the morphism of functors Φ˜S, whence Φ is uniquely
determined by ΦS.
The following result is based on the antisymmetric property of symbols in the Milnor
K-groups of rings of iterated Laurent series (see Remark 7.5 and Lemma 7.8).
Lemma 8.13. For any ring R, we have that any character Φ as above
is uniquely determined by the restriction of Φ˜ to the ind-closed subscheme
(LnGm)
0
R × (LnGm)×nR ⊂ (LnGm)×(n+1)R .
Proof. By Remark 7.5 and Lemma 7.8, symbols in LnKMm (A) = K
M
m
(Ln(A)), m > 2,
are antisymmetric. Thus decomposition (22) in Subsection 4.3 implies that Φ is uniquely
determined by the restrictions of Φ˜ to the ind-closed subschemes (LnGm)
0
R × (LnGm)×nR
and (Zn)
×(n+1)
R of (L
nGm)
×(n+1)
R .
By multilinearity, we see that the restriction of Φ˜ to (Zn)
×(n+1)
R is uniquely determined
by the values of Φ at symbols {f1, . . . , fn+1}, where each fi, 1 6 i 6 n + 1, is equal to
some tj , 1 6 j 6 n. By Dirichlet’s box principle, we have that fi = fj for some i 6= j.
By the above antisymmetric property of symbols, we may assume that f1 = f2. By
Remark 7.5 and Lemma 7.8 again, for any element f ∈ LnGm(A), there is an equality
{f, f} = {−1, f} in KM2
(Ln(A)). Therefore, {f1, f2, . . . , fn+1} = {−1, f2, . . . , fn+1}.
Since −1 ∈ Gm(A) ⊂ (LnGm)0(A), this proves the lemma.
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The following result is based on the absolute connectedness of (LnGm)
0 over Z (see
Proposition 6.13(iv)).
Lemma 8.14. For any ring R and any character Φ as above, the restriction of Φ˜ to the
ind-closed subscheme (Gm)R ×
(
(LnGm)
0
R
)×n ⊂ (LnGm)×(n+1)R is a constant morphism
whose value is equal to 1 ∈ Gm(R).
Proof. By multilinearity, the restriction of Φ˜ to the ind-closed subscheme
(Gm)R ×
(
(LnGm)
0
R
)×n
defines a morphism of group ind-schemes
α :
(
(LnGm)
0
R
)×n −→ HomgrR ((Gm)R, (Gm)R) ≃ ZR ,
where Homgr is the internal Hom for group functors (see Section 2 and Lemma 6.20(ii)).
By Proposition 6.13(iv), we have that
(
(LnGm)
0
R
)×n
is a connected ind-scheme over R.
Thus by Proposition 5.23, we have that α = 0. This proves the lemma.
Now we are ready to prove Theorem 8.7.
Proof of Theorem 8.7.
Step 1. The existence of a functorial boundary map for algebraic K-groups (see
Subsection 7.3) implies that the map Θ∗R is surjective. More precisely, this follows
from Remark 8.9. Thus we need to show that the map Θ∗R is injective, that is, that
a morphism of group functors Φ: (LnKMn+1)R → (Gm)R is uniquely determined by the
composition Φ ◦ΘR.
Step 2. By Lemma 8.12, we may assume that R is a Q-algebra, which we do from
now on.
Let A be an R-algebra and let f2, . . . , fn+1 ∈ LnGm(A) be a collection of n invertible
iterated Laurent series. We obtain a character
χ : (LnGm)
0
A −→ (Gm)A , f 7−→ Φ{f, f2, . . . , fn+1} .
By Lemma 8.13, Φ is uniquely determined by all characters χ of this kind.
Since R is a Q-algebra, A is a Q-algebra as well. Thus a property of the expo-
nential map from Proposition 6.23 implies that each character χ as above is uniquely
determined by its differential Tχ. This implies that Φ is uniquely determined by its
differential TΦ: (TLnKMn+1)R → T (Gm)R.
Now we use the description of the tangent space to Milnor K-groups in terms of
differential forms (see Subsection 7.2). Let
Ψ: (LnΩn)R −→ (Ga)R
be the morphism of group functors that corresponds to the differential TΦ under the
isomorphism from Proposition 7.7 and the isomorphism from Example 6.16(ii) (here we
use that 2 is invertible in the Q-algebra R). What was said above implies that Φ is
uniquely determined by Ψ.
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Step 3. Using Lemma 8.14, we shall show in this step that Ψ equals zero on exact
differential forms, that is, that the following morphism of ind-affine schemes
ψ : (LnGa)
×n
R −→ (Ga)R , (g1, . . . , gn) 7−→ Ψ(dg1 ∧ . . . ∧ dgn)
is equal to zero.
By definition, ψ is a regular function in O((LnGa)×nR ). By Proposition 6.13(i), the
function ψ is uniquely determined by its restriction to the dense ind-closed subscheme(
(LnGa)
♯
R
)×n ⊂ (LnGa)×nR . Thus it is enough to show that for any R-algebra A and
elements g1, . . . , gn ∈ (LnGa)♯(A), we have Ψ(dg1 ∧ . . . ∧ dgn) = 0.
By Lemma 3.11(i) and Proposition 4.9, for any element g ∈ (LnGa)♯(A), there is
an equality d exp(g)
exp(g)
= dg. Therefore the isomorphism from Proposition 7.7 sends the
symbol {1+ε, exp(g1), . . . , exp(gn)} to the differential form dg1∧ . . .∧dgn, where ε2 = 0.
Together with Example 6.16(ii), this implies the following equality in the ring A[ε]∗:
1 + Ψ(dg1 ∧ . . . ∧ dgn) ε = Φ{1 + ε, exp(g1), . . . , exp(gn)} .
Since 1+ε ∈ Gm
(
A[ε]
)
and exp(gi) ∈ (LnGm)♯(A) ⊂ (LnGm)0
(
A[ε]
)
for any i, 1 6 i 6 n,
applying Lemma 8.14, we obtain the equality Ψ(dg1 ∧ . . . ∧ dgn) = 0.
Step 4. By Proposition 6.25, Ψ factors uniquely through the natural morphism of
group functors (LnΩn)R → (L˜nΩn)R. Combining Step 3 with Lemma 3.12, we obtain
that the morphism of group functors Ψ: (LnΩn)R → (Ga)R factors through the residue
map res : (LnΩn)R → (Ga)R. In particular, Ψ is uniquely determined by the composition
λ : (Ga)R −→ (LnΩn)R Ψ−→ (Ga)R ,
where the first morphism sends an element a ∈ A to the differential form a dt1
t1
∧ . . .∧ dtn
tn
for an R-algebra A.
The isomorphism from Proposition 7.7 sends the symbol {1 + a ε, t1, . . . , tn} to the
differential form a dt1
t1
∧ . . . ∧ dtn
tn
. This implies that λ = T
(
Φ ◦ ΘR
)
, which finishes the
proof of the theorem.
8.4 Explicit formula
In the course of the proof of Theorem 8.7 we have essentially obtained an explicit formula
for the Contou-Carre`re symbol CCn : K
M
n+1
(Ln(A))→ A∗ when A is a Q-algebra. In
order to give this explicit formula, we introduce the following auxiliary map.
Proposition 8.15. There is a unique multilinear antisymmetric (or, equivalently, sym-
metric) map
sgn : (Zn)×(n+1) −→ Z/2Z
such that for any l ∈ Zn and r ∈ (Zn)×(n−1), we have sgn(l, l, r) ≡ det(l, r) (mod 2).
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Proof. The above properties define uniquely the values of the map sgn on the elements
of the standard basis in (Zn)⊗(n+1) by Dirichlet’s box principle. This gives uniqueness
of the map sgn. Existence is implied by the following explicit formula of Vostokov and
Fesenko, which we take from [41, Intr.]:
sgn(l1, . . . , ln+1) ≡
∑
16i<j6n+1
det(l1, . . . , lˆi, . . . , lˆj, . . . , ln+1, li · lj) (mod 2) , (40)
where li · lj is the coordinate-wise product of the elements li and lj in Zn and the hat
symbol corresponds to omitting an element. One easily checks that this map satisfies all
conditions of the proposition.
Remark 8.16. Another explicit formula for the map sgn is given by Khovanskii [27] (see
also [36, Prop. 11] for the case n = 2):
sgn(l1, . . . , ln+1) ≡ 1 +
n+1∑
i=1
det(l1, . . . , lˆi, . . . , ln+1)+
+
n+1∏
i=1
(
1 + det(l1, . . . , lˆi, . . . , ln+1)
)
(mod 2)
An equality between this formula and formula (40) is proved in [27, § 1].
Now we give an explicit formula for the Contou-Carre`re symbol over Q-algebras.
Theorem 8.17. Let A be a ring. The map
LnGm(A)
×(n+1) −→ Gm(A) , (f1, . . . , fn+1) 7−→ CCn{f1, . . . , fn+1} ,
is a multilinear antisymmetric map that satisfies the following conditions:
(i) If A is a Q-algebra and f1 ∈ (LnGm)♯(A), then
CCn{f1, f2, . . . , fn+1} = exp res
(
log(f1)
df2
f2
∧ . . . ∧ dfn+1
fn+1
)
, (41)
where the series exp is applied to a nilpotent element of the ring A.
(ii) If f1 ∈ A∗, then (cf. formula (37))
CCn{f1, f2 . . . , fn+1} = f det(ν(f2), ..., ν(fn+1))1 . (42)
(iii) If f1 = t
l1 , . . . , fn+1 = t
ln+1, where li ∈ Zn(A), 1 6 i 6 n+ 1, then
CCn{f1, . . . , fn+1} = (−1) sgn(l1, ..., ln+1) . (43)
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Proof. Obviously, the map CCn is multilinear. It is antisymmetric because of the anti-
symmetric property for symbols in the Milnor K-group KMn+1
(Ln(A)) (see Remark 7.5
and Lemma 7.8).
(i) We will refer to steps of the proof of Theorem 8.7. Let ε be a formal variable
that satisfies ε2 = 0. Step 2 together with the Proposition 6.23 imply that there is
an equality CCn{f1, . . . , fn} = exp(a), where a ∈ Nil(A) is a nilpotent element that
satisfies CCn{1 + log(f1) ε, f2, . . . , fn} = 1 + a ε. The isomorphism from Proposition 7.7
sends the symbol {1+ log(f1) ε, f2, . . . , fn} to the differential form log(f1) df2f2 ∧ . . .∧
fn+1
fn+1
.
Therefore there is an equality
CCn{1 + log(f1) ε, f2, . . . , fn} = 1 + Ψ
(
log(f1)
df2
f2
∧ . . . ∧ dfn+1
fn+1
)
ε ,
where Ψ: (LnΩ)Q → (Ga)Q corresponds to the differential T (CCn)Q of (CCn)Q similarly
as it corresponds to TΦ in Step 2. Finally, Step 4 together with Remark 8.9 imply that
there is an equality
Ψ
(
log(f1)
df2
f2
∧ . . . ∧ dfn+1
fn+1
)
= res
(
log(f1)
df2
f2
∧ . . . ∧ dfn+1
fn+1
)
.
(ii) The Contou-Carre`re symbol defines a morphism of group functors (see Section 2
and Lemma 6.20(ii))
LnKMn −→ Homgr(Gm,Gm) ≃ Z , {f2, . . . , fn+1} 7−→
(
a 7→ CCn{a, f2, . . . , fn+1}
)
,
where f2, . . . , fn+1 ∈ LnGm(R) for a ring R and a ∈ A∗ for an R-algebra A. Thus we
conclude by Propositions 8.2, a discussion after its proof, and Remark 8.9.
(iii) The restriction of CCn to (Z
n)×(n+1) ⊂ (LnGm)×(n+1) is a multilinear antisym-
metric morphism from (Zn)×(n+1) to Gm. It follows from Dirichlet’s box principle that
it takes values in Z/2Z ⊂ Gm. Let l1, . . . ln+1 ∈ Zn(A) for a ring A be such that l1 = l2.
By Remark 7.5 and Lemma 7.8, there is an equality in KMn+1
(Ln(A))
{tl1 , tl2 , . . . , tln+1} = {−1, tl2, . . . , tln+1} .
Combining this with item (ii), we see that CCn{tl1 , tl2, . . . , tln+1} = (−1) det(l2, ..., ln+1).
Thus we conclude by Propostion 8.15.
Remark 8.18. For n = 1, the right hand sides of formulas (41), (42), and (43) from
Theorem 8.17 appeared in [14, § 2.9]. (More precisely, formula from [14, § 2.9] gives
an inverse map to the one given by formulas (41), (42), and (43).) Also, another, but
equivalent, formula appeared in [13, § 6] and (with a misprint) in [12].
Here are examples of the calculation of the Contou-Carre`re symbol, which are based
on the explicit formula from Theorem 8.17 and on some descend arguments from Q to Z.
Proposition 8.19. Let A be a ring and ε be a formal variable that satisfies ε2 = 0.
Define a ring B := A[ε]. Then for any collection of invertible iterated Laurent series
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f1, . . . , fn ∈ LnGm(A) = Ln(A)∗ and an iterated Laurent series g ∈ Ln(A), we have an
equality in B∗
CCn{1 + g ε, f1, . . . , fn} = 1 + res
(
g
df1
f1
∧ . . . ∧ dfn
fn
)
ε , (44)
where the symbol CCn is applied to elements of the group K
M
n+1
(Ln(B)).
Proof. Both sides of formula (44) define morphisms of ind-schemes from
(LnGm)
×n × LnGa to (Ga)×2 given by coefficients at powers of ε in the ring B = A[ε].
One easily checks that by Theorem 8.17(i), the values of both sides of formula (44)
coincide when A is a Q-algebra. By Example 6.7, the functor LnGa is represented
by an ind-affine space, which is an ind-flat ind-affine scheme over Z. Therefore by
Theorem 6.12 applied to R = Z, S = Q, and Y = LnGa, we have that the above two
morphisms coincide.
Proposition 8.20. Let A be a ring and η be a formal variable that satisfies ηn+2 = 0.
Define a ring B := A[η]. Then for any collection g1, . . . , gn+1 ∈ Ln(A) of iterated Laurent
series, we have an equality in B∗
CCn{1 + g1η, . . . , 1 + gn+1η} = 1 + res(g1dg2 ∧ . . . ∧ dgn+1)ηn+1 , (45)
where the symbol CCn is applied to elements of the group K
M
n+1
(Ln(B)).
Proof. Both sides of formula (45) define morphisms of ind-schemes
(LnGa)
n+1 → (Ga)×(n+2) given by coefficients at powers of η in the ring B = A[η]. One
easily checks that by Theorem 8.17(i), the values of both sides of formula (45) coincide
when A is a Q-algebra. By Proposition 6.6(i), we have that the functor (LnGa)
n+1
is represented by an ind-affine space, which is an ind-flat ind-scheme over Z. Thus
the natural homomorphism O(LnAn+1) → O((LnAn+1)Q) is injective. This proves the
proposition.
Remark 8.21. Let A be a Q-algebra. Decomposition (22) in Subsection 4.3 implies
that formulas (41), (42), and (43) define uniquely a multilinear antisymmetric map
LnGm(A)
×(n+1) → A∗. Thus one could define a Contou-Carre`re symbol over Q-algebras
explicitly just by the right hand sides of formulas (41), (42), and (43) and not using the
boundary map for K-groups and geometric properties of the iterated loop group LnGm
and its special subgroups. When following this approach, one needs to check directly that
the Contou-Carre`re symbol is well-defined, that is, that formulas (41), (42), and (43)
define a map correctly and that this map satisfies the Steinberg relations. We do this in
Propositions 8.22 and 8.25, respectively, using only decompositions of the group func-
tor LnGm given in Section 4. In order to avoid a confusion, we denote the explicitly
defined Contou-Carre`re symbol by CCexn .
Proposition 8.22. For any Q-algebra A, there is a unique multilinear antisymmetric
map
CCexn : L
nGm(A)
×(n+1) −→ A∗
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such that the formulas (41), (42), and (43) are satisfied, where CCn is replaced by CC
ex
n .
The map CCexn is functorial with respect to A.
Proof. As explained in Remark 8.21, uniqueness follows from decomposition (22) in
Subsection 4.3. Thus we need to show that the map CCexn is defined correctly, which we
do in the following steps.
Step 1. First we check that the right hand side of formula (41) is well-defined. By
Proposition 4.9, the map log in formula (41) is well-defined. Thus we need to prove
that the value of the expression res(· · · ) in formula (41) belongs to Nil(A), whence the
expression exp res(· · · ) makes sense.
The expression res(· · · ) defines a multilinear map
Ψn : (L
nGm)
♯(A)× LnGm(A)×n −→ A ,
(f1, f2, . . . , fn+1) 7−→ res
(
log(f1)
df2
f2
∧ . . . ∧ dfn+1
fn+1
)
.
Using Definition 4.6 of the group (LnGm)
♯(A) as a decomposition and decomposition (19)
of the group LnGm(A) from Proposition 4.3, we see that it is enough to assume that
all fi, 1 6 i 6 n + 1, belong to the subgroups in the above decompositions.
Suppose first that for some i, 1 6 i 6 n+1, we have that fi ∈ (1+Nil)(A)×Vn,−(A).
Then by Remark 3.1, the iterated Laurent series log(fi) ∈ LnGa(A) has nilpotent coef-
ficients and therefore by Lemma 3.11(i), we have that Ψn(f1, . . . , fn+1) ∈ Nil(A).
Now suppose that f1 belongs to the subgroup Vn,+(A) and each fi, 2 6 i 6 n+1, be-
longs either to the subgroupG(A) := Gm(A)×Vn,+(A)×Zn−1(A), where Zn−1(A) consists
of elements t
l1
1 · . . . · tln−1n−1 , or to the subgroup Z(A) = (tn)Z(A) that consists of elements tlnn ,
where li ∈ Z(A), 1 6 i 6 n. We show by induction on n that Ψn(f1, . . . , fn+1) = 0. The
evident base of the induction is n = 0, where we put, by definition, V0,+(A) = {1}.
If all fi, 2 6 i 6 n + 1, belong to G(A), then
log(f1)
df2
f2
∧ . . . ∧ dfn+1
fn+1
∈ A((t1)) . . . ((tn−1))[[tn]]dt1 ∧ . . . ∧ dtn .
Hence, Ψn(f1, . . . , fn+1) = 0.
Suppose that some fi, 2 6 i 6 n+1, belongs to Z(A) = (tn)
Z(A). Using multilinearity
and the alternating property of the wedge product of differential forms, we can suppose,
in addition, that fn+1 = tn and that all fi, 2 6 i 6 n, belong to G(A), because otherwise
we have again Ψn(f1, . . . , fn+1) = 0.
Under above assumptions, there is an equality
Ψn(f1, . . . , fn, tn) = Ψn−1(f¯1, . . . , f¯n) ,
where the map Ψn−1 is defined for collections of invertible elements of the ring
A((t1)) . . . ((tn−1)) and by f 7→ f¯ we denote the natural homomorphism from
A((t1)) . . . ((tn−1))[[tn]] to A((t1)) . . . ((tn−1)). One checks directly that the homomor-
phism f 7→ f¯ sends Vn,+(A) to Vn−1,+(A), where n > 1 and, as we put above,
V0,+(A) = {1}. Hence by the inductive hypothesis, we have that Ψn−1(f¯1, . . . , f¯n) = 0.
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Thus we obtain a well-defined multilinear map
CCexn : (L
nGm)
♯(A)× LnGm(A)×n −→ A∗ ,
(f1, f2, . . . , fn+1) 7−→ exp res
(
log(f1)
df2
f2
∧ . . . ∧ dfn+1
fn+1
)
.
Step 2. By Lemma 4.7(iii), we see that the right hand sides of formulas (41) and (42)
are overlapped when f1 ∈ (1 + Nil)(A). We check that in this case the values of these
two formulas coincide. Indeed, by Proposition 8.4 we have
exp res
(
log(f1)
df2
f2
∧ . . . ∧ dfn+1
fn+1
)
= exp
(
log(f1) res
(
df2
f2
∧ . . . ∧ dfn+1
fn+1
))
=
= exp
(
log(f1) · det
(
ν(f2), . . . , ν(fn+1)
))
= f
det(ν(f2), ..., ν(fn+1))
1 .
Notice that, actually, here we use Proposition 8.4 only for Q-algebras and that in this
case Proposition 8.4 is proved explicitly without the theory of thick ind-cones (see the
proof of Proposition 8.4).
By decomposition (22) in Subsection 4.3, we obtain that formulas (41) and (42) define
correctly a multilinear map
CCexn : (L
nGm)
0(A)× LnGm(A)×n −→ A∗ . (46)
Step 3. Now we check the antisymmetric property of the map in formula (46).
Formulas (41) and (42) are antisymmetric with respect to f2, . . . , fn+1, because the
wedge product of differential forms and the determinant are alternating.
Further, formula (41) is antisymmetric with respect to f1 and f2. Namely, if
f1, f2 ∈ (LnGm)♯(A), then by Lemmas 3.11(i) and 3.12, there are equalities
0 = res
(
d
(
log(f1) log(f2)
df3
f3
∧ . . . ∧ dfn+1
fn+1
))
=
= res
(
log(f1)
df2
f2
∧ df3
f3
∧ . . . ∧ dfn+1
fn+1
)
+ res
(
log(f2)
df1
f1
∧ df3
f3
∧ . . . ∧ dfn+1
fn+1
)
.
Finally, formula (42) is antisymmetric with respect to f1 and f2 as well. Indeed, if
f1, f2 ∈ A∗, then there is an equality
f
det(ν(f2), ν(f3), ..., ν(fn+1))
1 = f
det(ν(f1), ν(f3), ..., ν(fn+1))
2 = 1 ,
because ν(f2) = ν(f1) = 0.
Step 4. Formula (43) is antisymmetric by Proposition 8.15. Combining this with
Step 3 and decomposition (22) in Subsection 4.3, we obtain a well-defined multilinear
antisymmetric map CCexn : L
nGm(A)
×(n+1) → A∗. Clearly, this map is functorial with
respect to a Q-algebra A, because decomposition (19) is functorial.
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Remark 8.23. For n = 2, Proposition 8.22 was proved in [37, § 3.3].
Now we show that the map CCexn in Proposition 8.22 satisfies the Steinberg relation.
First we prove an auxiliary partial result.
Lemma 8.24. Let A be a Q-algebra. For any collection of n elements f1, f3, . . . , fn+1 of
the group LnGm(A), there is an equality
CCexn (f1,−f1, f3, . . . , fn+1) = 1 . (47)
Proof. Clearly, the left hand side of formula (47) is multilinear in f3, . . . , fn+1. Antisym-
metricity of the map CCexn implies that the left hand side is also linear in f1. Indeed,
for any collection f1, f
′
1, f3, . . . , fn+1 of elements in L
nGm(A), we have the equalities
CCexn (f1f
′
1,−f1f ′1, f3, . . . , fn+1) = CCexn (f1,−f1, f3, . . . , fn+1)·
· CCexn (f1, f ′1, f3, . . . , fn+1) · CCexn (f ′1, f1, f3, . . . , fn+1) · CCexn (f ′1,−f ′1, f3, . . . , fn+1) .
Thus we can use decomposition (22) in Subsection 4.3.
Suppose that fi ∈ (LnGm)0(A) for some i = 1, 3, . . . , n + 1. If fi ∈ Gm(A), then
the antisymmetric property and formula (42) imply that CCexn (f1,−f1, f3, . . . , fn+1) = 1.
Now suppose that fi ∈ (LnGm)♯(A). If 3 6 i 6 n + 1, then the antisymmetric prop-
erty and formula (41) imply that CCexn (f1,−f1, f3, . . . , fn+1) = 1. If i = 1, that is,
f1 ∈ (LnGm)♯(A), then f1 = 1− h, where h ∈ Ln(A)♯. Then by formula (41), we have
CCexn (f1,−f1, f3, . . . , fn+1) = exp res
(
log(1− h) dh−1 + h ∧
df3
f3
∧ . . . ∧ dfn+1
fn+1
)
=
= exp res
(
d
(
ϕ(h)
df3
f3
∧ . . . ∧ dfn+1
fn+1
))
= 1 ,
where a power series ϕ ∈ A[[x]] exists by Lemma 3.11(iii) and the last equality follows
from Lemma 3.12.
It remains to consider the case when all fi belong to Z(A)
n. By multilinearity and
the antisymmetric property, there is an equality
CCexn (f1,−f1, . . . , fn+1) = CCexn (−1, f1, . . . , fn+1)−1 · CCexn (f1, f1, . . . , fn+1) .
Thus we conclude by formulas (42), (43) and Proposition 8.15.
The next proposition and the antisymmetric property of the map CCexn imply
that CCexn factors through the Milnor K-group, that is, we have a well-defined ho-
momorphism of groups
CCexn : K
M
n+1
(
A((t1)) . . . ((tn))
) −→ A∗ ,
which is functorial with respect to a Q-algebra A.
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Proposition 8.25. Let A be a Q-algebra and let f1, . . . , fn ∈ LnGm(A) be a collection
of invertible iterated Laurent series such that f1 + f2 = 1. Then there is an equality
CCexn (f1, . . . , fn+1) = 1.
Proof. The proof is similar to the proof of the case n = 2 in [37, Prop. 4.2]. For the sake
of completeness we briefly repeat it here for arbitrary n (and in another notations than
in [37]).
Changing the Q-algebra A if needed, without loss of generality, we may assume
that ν(f1) and ν(1 − f1) belong to the subgroup Zn ⊂ Z(A)n. Consider the following
cases.
First suppose that ν(f1) > 0. Then by Proposition 4.3 and Example 4.5(i), we have
1− f1 ∈ (LnGm)♯(A). By Lemmas 3.11(ii) and 3.12, there are equalities
CCexn (f1, 1− f1, f3, . . . , fn+1) = CCexn (1− f1, f1, f3, . . . , fn+1)−1 =
= exp res
(
− log(1− f1) df1
f1
∧ df3
f3
∧ . . . ∧ dfn+1
fn+1
)
=
= exp res
(
d
(
Li2(f1)
df3
f3
∧ . . . ∧ dfn+1
fn+1
))
= 1 .
Now suppose that ν(f1) = 0. Then by Proposition 4.3 and Example 4.5(i), we have
ν(1−f1) > 0. If ν(1−f1) > 0, then transposing f1 and 1−f1 and using the antisymmetric
property of the map CCexn , we reduce to the previous case. Therefore we can suppose
that ν(1−f1) = 0. By decomposition (22) in Subsection 4.3, we have that f1 = a(1−h),
where a ∈ A∗, 1− a ∈ A∗, and h ∈ Ln(A)♯. By formula (42), there are equalities
CCexn (a, 1− f1, f3, . . . , fn+1) = a det(ν(1−f1), ν(f3), ..., ν(fn+1)) = 1 .
By formula (41), there is an equality
CCexn (1−h, 1−f1, f3, . . . , fn+1) = exp res
(
log(1− h) dh
a−1 − 1 + h ∧
df3
f3
∧ . . . ∧ dfn+1
fn+1
)
,
because 1 − f1 = 1 − a + ah. By Lemmas 3.11(iii) and 3.12, the last expression equals
one.
Finally, suppose that ν(f1) < 0. By multilinearity, there is an equality
CCexn (f1, 1− f1, f3, . . . , fn+1) =
= CCexn (f1,−f1, f3, . . . , fn+1) · CCexn (f−11 , 1− f−11 , f3, . . . , fn+1)−1 .
Since ν(f−11 ) > 0, the last expression equals one by Lemma 8.24 and the first case
considered above.
8.5 Completed Contou-Carre`re symbol
Let now A = “lim←−
i∈I
”Ai be a pro-ring, that is, a pro-object in the category of rings. Recall
that a pro-object is the dual notion to an ind-object and the category of pro-rings is anti-
equivalent to the category of ind-affine schemes (see Subsection 5.1). By Â := lim←−
i∈I
Ai
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denote be the corresponding inverse limit of rings. One easily checks that there is a
natural isomorphism of groups Â∗
∼−→ lim←−
i∈I
A∗i .
We have a pro-ring “lim←−
i∈I
”Ln(Ai). Let L̂n(A) := lim←−
i∈I
Ln(Ai) be the corresponding
inverse limit of rings.
Definition 8.26. Define a completed Contou-Carre`re symbol ĈCn as the following com-
position of homomorphisms of groups:
ĈCn : K
M
n+1
(L̂n(A)) −→ lim←−
i∈I
KMn+1
(Ln(Ai)) −→ lim←−
i∈I
A∗i
∼−→ Â∗ ,
where the second homomorphism is the inverse limit of the Contou-Carre`re symbols
CCn : K
M
n+1
(Ln(Ai))→ A∗i taken over the rings Ai, i ∈ I.
Clearly, the homomorphism ĈCn is functorial with respect to the pro-ring A.
Example 8.27.
(i) Let R be a ring and let A = “lim←−
d∈N
”R[x]/(xd). Then Â ≃ R[[x]]. For each d ∈ N, we
have an isomorphism Ln(R[x]/(x)d) ≃ Ln(R)[x]/(x)d (cf. Lemma 3.3(iii)). Hence
we have an isomorphism L̂n(A) ≃ Ln(R)[[x]] = R((t1)) . . . ((tn))[[x]] and we obtain
a symbol ĈCn : K
M
n+1
(
R((t1)) . . . ((tn))[[x]]
)→ R[[x]]∗.
(ii) More generally, let M be a set and let A = “ lim←−
(M ′,d)
”R[M ′]/(M ′)d, where M ′ runs
over all finite subsets in M and d ∈ N (see Subsection 5.2). Then Â ≃ R[[M ]]
(see Definition 5.1), L̂n(A) ≃ R((t1)) . . . ((tn))[[M ]], and we obtain a symbol
ĈCn : K
M
n+1
(
R((t1)) . . . ((tn))[[M ]]
)→ R[[M ]]∗.
(iii) Let A = “lim←−
d∈N
”Z/(pd), where p is a prime number. Then Â ≃ Zp is the ring
of p-adic integers and the ring L̂n(A) ≃ Zp{{t1}} . . . {{tn}} consists of infi-
nite series
∑
l∈Zn
alt
l, where al ∈ Zp and for any d ∈ N, there is λ ∈ Λn (see
Subsection 3.1) such that if l /∈ Znλ, then al ∈ pd Zp. We obtain a symbol
ĈCn : K
M
n+1
(
Zp{{t1}} . . . {{tn}}
)→ Z∗p.
The following fact is directly implied by Theorem 8.17(i).
Proposition 8.28. Suppose that all Ai, i ∈ I, are Q-algebras and consider a collection
f1, . . . , fn+1 ∈ L̂n(A)∗. Suppose that
f1 = lim←−
i∈I
f1,i ∈ lim←−
i∈I
(LnGm)
♯(Ai) ⊂ L̂n(A)∗ .
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Then there is an equality in Â∗
ĈCn{f1, . . . , fn+1} = exp res
(
log(f1)
df2
f2
∧ . . . ∧ dfn+1
fn+1
)
,
where log(f1) = lim←−
i∈I
log(f1,i) is a well-defined element of the ring L̂n(A) = lim←−
i∈I
Ln(Ai),
the residue map is a homomorphism
res : L̂n(A)dt1 ∧ . . . ∧ dtn −→ Â ,
the series exp is applied to an element of lim←−
i∈I
Nil(Ai) ⊂ Â, and each differential form dfi,
1 6 i 6 n, belongs to the inverse limit lim←−
i∈I
Ω˜1Ln(Ai) =
n⊕
j=1
L̂n(A)dtj.
For instance, for a pro-ring A = “lim←−
d∈N
”R[x]/(xd) as in Example 8.27(i), the residue
res : R((t1)) . . . ((tn))[[x]]dt1∧ . . .∧dtn → R[[x]] in Proposition 8.28 is taken with respect
to the variables t1, . . . , tn. Also, we have that lim←−
i∈I
Nil(Ai) = xR[[x]] in this case.
Remark 8.29. It is natural to expect the existence of an extension of the
completed Contou-Carre`re symbol in Example 8.27(i) to a homomorphism from
KMn+1
(
R((t1)) . . . ((tn))((x))
)
to R((x))∗. Such a new symbol would be a morphism
of group functors Ln+1KMn+1 → LGm. Note that it would definitely differ from the
morphism L(CCn) : L
n+1KMn+1 → LGm as the latter morphism vanishes on the group
KMn+1
(
R((t1)) . . . ((tn))[[x]]
)
.
Remark 8.30. A particular case of a completed Contou-Carre`re symbol
KM2
(
R((t))((x))
) → R((x))∗ when R is a field of characteristic zero was defined
by the second named author in [35, Theor. 2]. There it was considered a surface fibred
over a curve and this symbol was constructed as a local direct image map related to a
flag on the surface given by a point and the fiber passing through it. Another definition
of a completed symbol in a particular case had been given by Kato [25]. A completed
Contou-Carre`re symbol and its relation to Kato symbol were studied by Asakura [2,
§ 4], Pa´l [38, §§ 3,4], Liu [29, § 3], and Chinburg, Pappas, Taylor [11, §§ 3e, 3f].
The following lemma is implied immediately by the construction of the completed
Contou-Carre`re symbol.
Lemma 8.31. The completed Contou-Carre`re symbol ĈCn : K
M
n+1
(L̂n(A)) → Â∗ sends
the kernel Ker
(
KMn+1
(L̂n(A)) → KMn+1(Ln(Ai))) to the kernel Ker(Â∗ → A∗i ) for
each i ∈ I.
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8.6 Integrality and convergence of the explicit formula
The aim of this subsection is to show that the right hand side of formula (41) in The-
orem 8.17(i) is expressed by some universal power series with integral coefficients. The
variables in these universal power series are coefficients of iterated Laurent series to which
one applies the Contou-Carre`re symbol.
Let q, 0 6 q 6 n, be an integer and let 1 6 j1 < . . . < jq 6 n be a collection
of q integers (for q = 0, the collection is empty). Put p := n + 1 − q. Thus, we have
1 6 p 6 n+ 1. Consider countably many formal variables xi,l, where 1 6 i 6 p and
l ∈ Zn. Given a ring R, for short, we denote just by R[[xi,l]] the ring of power series
R[[xi,l; 1 6 i 6 p, l ∈ Zn]] in these formal variables (see Definition 5.1). Consider infinite
series
fi := 1 +
∑
l∈Zn
xi,lt
l , 1 6 i 6 p ,
which are well-defined elements in the ring Z((t1)) . . . ((tn))[[xi,l]] (see Example 8.27(ii)).
Moreover, for each i, 1 6 i 6 p, we have that
fi ∈ lim←−
(M ′,d)
(LnGm)
♯
(
Z[M ′]/(M ′)d
)
,
where M ′ runs over all finite subsets in {1, . . . , p} × Zn and d ∈ N. In particular,
fi ∈ Z((t1)) . . . ((tn))[[xi,l]]∗. Define the following power series (see Definition 8.26):
ϕn,j1,...,jq := ĈCn{f1, . . . , fp, tj1, . . . , tjq} ∈ Z[[xi,l]]∗ .
Lemma 8.31 implies that the constant term of the power series ϕn,j1,...,jq is equal to one.
Consider the embeddings of rings
Z[[xi,l]] ⊂ Q[[xi,l]] , Z((t1)) . . . ((tn))[[xi,l]] ⊂ Q((t1)) . . . ((tn))[[xi,l]] .
It turns out that the series ϕn,j1,...,jq viewed as an element of Q[[xi,l]]
∗ can be constructed
explicitly as follows. By funtoriality of the completed Contou-Carre`re symbol ĈCn,
Proposition 8.28 implies that there is an equality in Q[[xi,l]]
∗
ϕn,j1,...,jq = exp res
(
log(f1)
df2
f2
∧ . . . ∧ dfp
fp
∧ dtj1
tj1
∧ . . . ∧ dtjq
tjq
)
. (48)
Explicitly, the series ϕn,j1,...,jq is obtained by formally opening brackets in the right hand
side of formula (48). More precisely, for every finite subset M ′ ⊂ {1, . . . , p} × Zn and
d ∈ N, by f 7→ f¯ denote the natural homomorphism of rings
Q((t1)) . . . ((tn))[[xi,l]] −→ Q((t1)) . . . ((tn))[M ′]/(M ′)d .
Consider the right hand side of formula (48) over the ring Q((t1)) . . . ((tn))[M
′]/(M ′)d.
The series log(f¯1) =
∑
m>1
(−1)m+1 (f¯1−1)m
m
is a finite sum in the ring
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Q((t1)) . . . ((tn))[M
′]/(M ′)d, the expression res(· · · ) is an element of the ideal
(M ′) · Q((t1)) . . . ((tn))[M ′]/(M ′)d, and the right hand side of formula (48) applied over
the ring Q((t1)) . . . ((tn))[M
′]/(M ′)d defines correctly an element
ϕ
(M ′,d)
n,j1,...,jq
∈ Q[M ′]/(M ′)d .
Passing to the limit over all (M ′, d), we obtain the series ϕn,j1,...,jq = lim←−
(M ′,d)
ϕ
(M ′,d)
n,j1,...,jq
.
By the first construction of the series ϕn,j1,...,jq , we see that formally opening brackets
in the right hand side of formula (48), one gets a series with integral coefficients (cf. [14,
§ 2.9]). Thus we deduce this integrality from the existence of the Contou-Carre`re symbol
for all rings, not just Q-algebras, that is, from the existence of the boundary map for
algebraic K-groups (see Subsection 7.3).
Example 8.32. Let f = 1 +
∑
l∈Zn
xlt
l ∈ Z((t1)) . . . ((tn))[[xl; l ∈ Zn]]. Then the series
ϕn,1,...,n ∈ Z[[xl; l ∈ Zn]] is obtained by formally opening brackets in the expression
exp res
(
log(f)
dt1
t1
∧ . . . ∧ dtn
tn
)
= exp
(∑
m>1
(−1)m+1 [(f − 1)
m]0
m
)
,
where [g]0 denotes the constant term of an iterated Laurent series g. The integrality of
this series was also proved by Kontsevich [28, p. 2, Step 1] by a combinatorial method.
The following lemma is implied directly by the construction of the completed Contou-
Carre`re symbol (see also Example 5.3(i)).
Lemma 8.33. Let A be a ring, g1, . . . , gp be Laurent polynomials (not just series) with
nilpotent coefficients in A. Then there is an equality in A∗
CCn{1 + g1, . . . , 1 + gp, tj1, . . . , tjq} = ϕn,j1...jq(g1, . . . , gp) .
Combining Lemma 8.33 with Theorem 6.10, we obtain the following result (see also
Definition 5.2(iii)).
Theorem 8.34. The integral power series ϕn,j1,...,jq converges algebraically on the
ind-closed subscheme ((LnGa)
♯)×p ⊂ (AZn)×p and for any ring A and a collection
g1, . . . , gp ∈ (LnGa)♯(A), there is an equality in A∗
CCn{1 + g1, . . . , 1 + gp, tj1, . . . , tjq} = ϕn,j1...js(g1, . . . , gp) .
Let xi,l be of weight l ∈ Zn. A weight of a monomial in xi,l is defined in a natural
way. For example, the weight of xdi,l is dl and the weight of xi,l xi′,l′ is l + l
′. A weight
homogeneous power series in Q[[xi,l]] is an infinite sums of monomials of the same weight,
which is also called a weight of this series. For example, the polynomial x2i,l+xi′,2l is weight
homogenous of weight 2l. Let us say that a series
∑
l∈Zn
ϕl t
l ∈ Q((t1)) . . . ((tn))[[xi,l]] is
weighted if ϕl is a weight homogeneous power series of weight l for each l ∈ Zn. Similarly,
for elements in Q((t1)) . . . ((tn))[M
′]/(M ′)d, where M ′ and d are as above. The following
result is proved for the case n = 1 in [14, § 2.9].
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Proposition 8.35. The power series ϕn,j1,...,jq is weight homogeneous of weight zero.
Proof. One easily checks that sums and products of weighted series in
Q((t1)) . . . ((tn))[[xi,l]] are weighted. Further, if f =
∑
l∈Zn
ϕl t
l ∈ Q((t1)) . . . ((tn))[[xi,l]] is
weighted, then df =
n∑
i=1
gi
dti
ti
, where gi, 1 6 i 6 n, are weighted as well. Indeed, there is
an equality gi =
∑
l∈Zn
liϕl t
l for each 1 6 i 6 n. Finally, if f ∈ Q((t1)) . . . ((tn))[[xi,l]] is
weighted, then res
(
f dt1
t1
∧ . . . ∧ dtn
tn
)
is a weight homogeneous power series in Q[[xi,l]] of
weight zero, being the constant term of f .
All together this implies that for each finite subset M ′ ⊂ {1, . . . , p} × Zn and d ∈ N,
the element ϕ
(M ′,d)
n,j1,...,jq
∈ Q[M ′]/(M ′)d is weight homogeneous of weight zero. Now we pass
to the limit over all (M ′, d).
9 Relation to higher local class field theory
In this section, we explain how the n-dimensional Contou-Carre`re symbol CCn leads to
the local reciprocity map in the explicit higher local class field theory for n-dimensional
local fields of positive characteristic as constructed by Parshin in [40]. (For another
approach to higher local class field theory see Kato’s papers [23], [24].)
Proposition 9.3 below is also of independent interest. It describes a bilinear pairing
of group functors LnKMn ×LnWS →WS, where WS is the group functor of Witt vectors
that depends on a set of positive integers S closed under taking divisors.
9.1 Unramified, Kummer, and Artin–Schreier–Witt extensions
Let Fq be a finite field of characteristic p and let Fq be its algebraic closure. Higher local
class field theory describes the Galois group of the maximal Abelian extension Kab of
the n-dimensional local field K := Fq((t1)) . . . ((tn)). One has a local reciprocity map
KMn (K) −→ Gal(Kab/K) .
The image of the local reciprocity map is dense with respect to the profinite topology
on the right hand side, see [40, § 4, Theor. 1(1)]. The kernel is described in topological
terms in loc.cit. and is described in algebraic terms by Fesenko in [16, Intr.] as follows:
the kernel is the subgroup of all divisible elements in KMn (K).
Let Knr be the maximal Abelian unramified extension of K. Explicitly, we have that
Knr = Fq((t1)) . . . ((tn)) and there is an isomorphism of profinite groups
Gal(Knr/K)
∼−→ Ẑ .
Let KKm be the maximal Kummer extension of K, that is, the maximal Abelian exten-
sion of exponent q− 1. Explicitly, we have that KKm = Fqq−1(( q−1
√
t1)) . . . ((
q−1
√
tn)) and
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this extension is of finite degree over K. By Kummer theory, there is an isomorphism of
finite groups
Gal(KKm/K)
∼−→ Hom(K∗/(K∗)q−1,F∗q) .
Finally, let KASW be the maximal Artin–Schreier–Witt extension of K, that is, the
maximal Abelian p-extension. The degree ofKASW overK is infinite. By Artin–Schreier–
Witt theory, for each r > 1, there is an isomorphism of pro-p groups
Gal(KASW/K)/prGal(KASW/K)
∼−→ Hom(Wpr(K)/(Fr − 1)Wpr(K),Z/prZ) ,
where Wpr denotes the group of r-truncated p-Witt vectors (see Subsection 9.2 below)
and Fr denotes the Frobenius homomorphism for Witt vectors.
The maximal Abelian extension Kab is the composite Knr ·KKm ·KASW . In order to
construct the local reciprocity map, one defines three homomorphisms from KMn (K) to
the above Galois groups and then one checks a compatibility between these homomor-
phisms. These three homomorphisms are defined in the proof of [40, § 4, Theor. 1]. Below
we explain how they are constructed with the help of the Contou-Carre`re symbol CCn.
The homomorphism KMn (K) → Gal(Knr/K) is the composition of a homomor-
phism cK : K
M
n (K) → Z defined in [40, § 3, Def. 2] and the natural embedding Z → Ẑ.
It follows from [40, § 3, Prop. 2] that cK = νn (see Definition 8.1).
The homomorphism KMn (K) → Gal(KKm/K) is induced by a bilinear pairing
KMn (K)×K∗ → F∗q, which is defined as the composition of the product between Milnor
K-groups and a homomorphism
KMn+1(K) −→ F∗q , {f1, . . . , fn+1} 7−→ (f1, . . . , fn+1)K/Fq ,
defined in [40, § 3, Def. 2]. It follows from [40, § 2, Prop. 2] and [40, § 3,
Prop. 2] that the latter homomorphism coincides with the Contou-Carre`re symbol
CCn : K
M
n+1
(Ln(Fq))→ F∗q over the field Fq.
The homomorphism KMn (K)→ Gal(KASW/K) is induced by a collection of bilinear
pairings KMn (K) ×Wpr(K) → Z/prZ, r > 1. For each r > 1, the latter pairing is the
composition of a bilinear pairing
KMn (K)×Wpr(K) −→Wpr(Fq) (49)
constructed explicitly in [40, § 3, Def. 5] and the trace mapWpr(Fq)→Wpr(Fp) ≃ Z/prZ.
The pairing (49) is called a Witt pairing and was defined by Witt [46] for the case n = 1.
We will show in Subsection 9.2 (see Proposition 9.3 and a discussion after it) how to
construct the Witt pairing with the help of the Contou-Carre`re symbol CCn. Notice
that for this one needs to consider the Contou-Carre`re symbol not over a field, but over
Artinian rings with non-trivial nilpotents. This relation between the Witt pairing and
the Contou-Carre`re symbol was discovered in [1, § 4.3] for the case n = 1. The case n = 2
was considered in [37, § 8]. Actually, a relation between the Contou-Carre`re symbol and
the local class field theory was the main motivation for the construction of this symbol
in [12] in the case n = 1.
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9.2 Generalized Witt pairing
First let us recall some basic facts on Witt vectors (see, e.g., [32, Lect. 26]). Let A be a
ring and let S be a set of positive integers such that S is closed under taking divisors.
The set of Witt vectors WS(A) is defined by the formula
WS(A) :=
{
w = (wi) | i ∈ S, wi ∈ A
}
.
Ghost (or auxiliary) coordinates w(i) of a Witt vector w ∈ WS(A) are defined by the
following polynomials in wi with integral coefficients:
w(i) :=
∑
d|i
dw
i/d
d , i ∈ S .
Note that, conversely, the coordinates wi are expressed as polynomials in the ghost
coordinates w(i) with rational coefficients that have non-trivial denominators.
By definition, addition and multiplication in the ghost coordinates w(i) of Witt vec-
tors are coordinate-wise. Surprisingly, the corresponding addition and multiplication in
the coordinates wi are given by polynomials in wi with integral coefficients (cf. Subsec-
tion 8.6). Thus WS is a ring functor, that is, a functor from the category of rings to the
category of rings. For short, put W (A) := WN(A). For a prime p and an integer r > 1,
the ring Wpr(A) := W{1,p, ..., pr−1}(A) is called the ring of r-truncated p-Witt vectors.
Remark 9.1. Let S ′ ⊂ S be an embedding of subsets of N and S and S ′ are closed under
taking divisors. Then the natural projection WS →WS′ is a morphism of ring functors.
In the ghost coordinates this homomorphism is also the natural projection.
We will use only the additive structure on Witt vectors, thus we will consider WS as
a group functor (see Section 2). Note that if S = N and A is a Q-algebra, then for any
Witt vector w ∈ W (A), there is an equality in A[[x]]
− log
∏
i>1
(1− wixi) =
∑
i>1
w(i)
xi
i
. (50)
It follows that for any ring A (not only for a Q-algebra), there is a functorial isomorphism
of groups
Υ : W (A)
∼−→ 1 + xA[[x]] , w = (wi) 7−→
∏
i>1
(1− wixi) ,
where the group structure on 1 + xA[[x]] is given by the product of power series. In
particular, there is a functorial embedding of groups W (A) →֒ A[[x]]∗.
Consider now the composition of maps
KMn
(Ln(A))×W (Ln(A)) −→ KMn (Ln(A)[[x]])× Ln(A)[[x]]∗ ∼−→
∼−→ Ln(A)[[x]]∗ ×KMn
(Ln(A)[[x]]) −→ KMn+1(Ln(A)[[x]]) −→ A[[x]]∗ ,
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where the first map is induced by the natural homomorphism of rings Ln(A)→ Ln(A)[[x]]
and the isomorphism of groups Υ: W
(Ln(A)) ∼−→ 1 + xLn(A)[[x]], the second map is
the transposition, the third map is given by the product between Milnor K-groups, and
the last map is the completed Contou-Carre`re symbol ĈCn (see Definition 8.26 and
Example 8.27(i)). Lemma 8.31 implies that the image of this composition is contained
in the subgroup 1 + xA[[x]] ≃ W (A) in A[[x]]∗. Thus we obtain a bilinear pairing
KMn
(Ln(A))×W (Ln(A)) −→W (A) ,
which is functorial with respect to the ring A. Let {f1, . . . , fn}, fi ∈ Ln(A)∗, be a symbol
in KMn
(Ln(A)) and let (g1, g2, . . .), gi ∈ Ln(A), be a Witt vector inW (Ln(A)). Following
Witt [46], we denote the pairing of {f1, . . . , fn} and (g1, g2, . . .) by (f1, . . . , fn | g1, g2, . . .].
Lemma 9.2. If A is a Q-algebra, then for any symbol {f1, . . . , fn} in KMn
(Ln(A)), any
Witt vector (g1, g2, . . .) in W
(Ln(A)), and any i ∈ N, there is an equality in A between
the i-th ghost coordinate
(f1, . . . , fn | g1, g2, . . .](i) = res
(
g(i)
df1
f1
∧ . . . ∧ dfn
fn
)
. (51)
Proof. Using Proposition 8.28 and formula (50), we obtain the equalities
− log Υ(f1, . . . , fn | g1, g2, . . .] = − log ĈCn
{
Υ(g1, g2, . . .), f1, . . . , fn
}
=
= − res
(
log
( ∏
i>1
(1− gixi)
) df1
f1
∧ . . . ∧ dfn
fn
)
= res
((∑
i>1
g(i)
xi
i
) df1
f1
∧ . . . ∧ dfn
fn
)
=
=
∑
i>1
res
(
g(i)
df1
f1
∧ . . . ∧ dfn
fn
)xi
i
.
Now let S be a subset in N closed under taking divisors. Define a group functor US
by the formula
US := Ker
(
W −→WS
)
.
Proposition 9.3. There is a bilinear morphism of functors
LnKMn × LnWS −→WS (52)
given in the ghost coordinates by formula (51).
Proof. It is enough to prove that for any ring A, any symbol {f1, . . . , fn} in KMn
(Ln(A)),
and any Witt vector (g1, g2, . . .) in US
(Ln(A)), the pairing (f1, . . . , fn | g1, g2 . . .] belongs
to the subgroup US(A). If A is a Q-algebra, then this follows immediately from Re-
mark 9.1 and Lemma 9.2.
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In general, we need to show that the composition of morphisms of functors
(LnGm)
×n × LnUS −→ LnKMn × LnW −→W −→ WS
is equal to zero. Clearly, the functor US is represented by the affine space A
NrS. Hence
by Proposition 6.6(i), LnUS is represented by an ind-affine space, which is an ind-flat
ind-affine scheme over Z. Thus we conclude by Theorem 6.12 applied to the embedding
of rings Z ⊂ Q.
Remark 9.4. Let S ′ ⊂ S be an embedding of subsets in N such that S and S ′ are closed
under taking divisors. Then pairings (52) for S and S ′ commute with each other under
the natural projections WS → WS′ and LnWS → LnWS′ (see Remark 9.1). This follows
directly from the proof of Proposition 9.3.
When S = {1, . . . , pr−1}, r > 1, pairing (52) evaluated at A = Fq is equal to the
pairing from [40, § 3, Def. 5] (this follows from functoriality of pairing (52)).
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